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Introduction

Queueing theory, as a core component of both operations research and the theory of stochas-
tic processes, provides a rigorous framework for analyzing systems in which random demand
competes for limited service capacity. Beyond its traditional role in telecommunications, it is
widely applied in financial markets to model order arrivals and execution delays in stock trading
systems, as well as in commercial environments such as shopping centers and service facilities
to optimize customer flow and resource allocation. In urban infrastructure, queueing models
are used to study pedestrian dynamics in underground passages and transportation hubs, help-
ing to mitigate congestion and improve safety. In healthcare systems, they support the design
and management of patient flow, enabling more effective allocation of medical resources and
reduction of waiting times. Overall, queueing theory offers a unifying analytical approach for
studying congestion phenomena across a broad range of engineered and socio-economic systems.

A basic model in queueing theory considers a stream of customers (or jobs) arriving to a
service facility consisting of one or more servers. The fundamental stochastic inputs of the model
are the arrival process, which characterizes the pattern of customer arrivals over time, and the
service-time distribution, which describes how long each customer requires service. Based on
these inputs, the objective is to analyze key performance measures such as the waiting time
experienced by customers and the queue length, either in terms of their expected values or their
full probability distributions. In systems with finite capacity, an additional important aspect is
the possibility of losses (or blocking), whereby arriving customers are rejected when the system
is full, leading to the notion of blocking probability and effective arrival rate. Depending on the
level of detail required and the available information, one may adopt simpler models—such as
Markovian systems with exponential assumptions—or more general and realistic formulations
with arbitrary distributions and additional structural features (e.g., finite capacity, priorities,
or time dependence). This flexibility allows queueing models to balance analytical tractability
with descriptive accuracy.

Queueing theory has long been a cornerstone of performance analysis in computer systems
and communication networks. Its origins can be traced to the pioneering work of Agner Krarup
Erlang in the early twentieth century, who introduced probabilistic models to analyse congestion
in telephone networks. Erlang’s formulas for loss and delay laid the foundation for a discipline
that would grow in both mathematical depth and practical importance.

In the decades that followed, queueing theory was significantly advanced through the for-
malisation of stochastic processes and the development of analytical frameworks. A major
milestone was the introduction of the now-standard classification of queueing systems by David
G. Kendall, whose notation (M/M/1, G/G/1, etc.) provided a unifying language for describing
a wide range of models. At the same time, fundamental theoretical results—such as the Pol-
laczek—Khinchine formula and the work of Félix Pollaczek and Aleksandr Khinchin—extended
the applicability of queueing models beyond purely Markovian assumptions.

7
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With the rise of computer systems in the second half of the twentieth century, queueing
theory found new domains of application. Researchers such as Hisashi Kobayashi contributed
significantly to the analysis of computer and communication systems, bridging the gap between
abstract stochastic models and engineering practice. The development of product-form networks
by Gordon and Newell, and later the seminal work of Frank Kelly, enabled the tractable analysis
of complex interconnected systems. These advances were complemented by the emergence of
efficient computational techniques, including Mean Value Analysis, which allowed practitioners
to evaluate large systems without resorting to exhaustive state-space enumeration.

Further progress came with the introduction of more flexible and expressive models. The
work of Erol Gelenbe, particularly on diffusion approximation and G-networks, expanded the
modelling capabilities of queueing theory by incorporating features such as negative customers
and triggers, opening new avenues for representing adaptive and intelligent systems. At the
same time, the increasing variability and complexity of real-world traffic led to the development
of non-Markovian models and approximation techniques capable of capturing more realistic
behaviour.

In recent decades, the focus has shifted towards methods that remain tractable at large scales
and under dynamic conditions. Diffusion approximations, rooted in the theory of stochastic pro-
cesses, provide powerful tools for analysing systems in heavy-traffic regimes by approximating
them with continuous stochastic models. Fluid-flow approximations, in turn, treat traffic as
a continuous deterministic flow, enabling scalable analysis of systems with thousands or even
hundreds of thousands of nodes.

The methods presented in this book reflect this evolution and demonstrate their continu-
ing relevance in modern applications. Analytical techniques such as performance bounds, Mean
Value Analysis, and Markovian models provide fundamental insights into system behaviour and
enable precise evaluation under well-defined assumptions. At the same time, the increasing com-
plexity and scale of contemporary systems—particularly computer networks—have motivated
the development of advanced approaches capable of capturing realistic dynamics.

In this context, the detailed treatment of diffusion and fluid-flow approximations constitutes
a central contribution of this work. These approaches extend classical models by enabling the
analysis of transient states and time-dependent behaviour, which are critical for understanding
real-world systems operating under dynamic conditions. While steady-state analysis remains
important, many practical scenarios—such as congestion episodes, traffic bursts, and adaptive
control mechanisms—require tools that can accurately describe system evolution over time.

It is worth emphasising that a significant portion of the results presented in the chapters
devoted to diffusion and fluid-flow models originates from the author’s own research, conducted
in collaboration with colleagues over many years. This gives the book not only a comprehensive
character but also a distinctive perspective grounded in original contributions to the field.

By combining classical methods with modern approximation techniques, this book offers a
coherent framework for the evaluation of complex systems. The approaches discussed herein
are essential for the practical analysis and design of computer systems and networks, providing
both theoretical understanding and tools applicable to real-world problems.

This work will be of interest to researchers, practitioners, and graduate students seeking a
rigorous yet applicable treatment of queueing models and their role in performance evaluation.

This book provides a comprehensive overview of analytical and approximate methods for
modelling and evaluating queueing systems, with a particular focus on their application to
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communication networks and large-scale systems.

We begin with performance bounds, which establish fundamental limits on system be-
haviour. These bounds provide quick estimates of key performance metrics such as delay,
throughput, and queue lengths without requiring detailed system analysis. They are especially
useful for validating models and identifying feasible operating regions.

Next, the book introduces Mean Value Analysis (MVA), a recursive technique for com-
puting average performance measures in closed queueing networks. MVA enables efficient eval-
uation of systems with multiple service centres and circulating customers, providing insights
into resource utilisation and response times.

The discussion then turns to single-station Markovian models, including classical M/M/1,
M/M/c, and related systems. These models rely on the memoryless property of exponential
distributions, allowing for exact analytical solutions. They serve as a foundation for under-
standing stochastic dynamics such as queue evolution, stability conditions, and steady-state
distributions. Next, we discuss network models with a product solution, including the
most general BCMP model.

We extend this framework to non-Markovian models, where service or interarrival times
follow general distributions. Although exact solutions are typically not available, various ap-
proximation techniques and numerical methods allow us to capture more realistic system be-
haviour, including variability and correlation effects.

The book then presents diffusion approximations, first from a theoretical perspective
and then through practical applications. Diffusion models approximate queueing processes by
continuous stochastic processes (typically reflected Brownian motion), enabling the analysis of
systems under heavy traffic conditions. These methods provide accurate estimates of delay
distributions, queue lengths, and transient behaviour in regimes where classical models become
intractable.

Finally, we examine fluid-flow approximations, in which packet traffic is treated as a
continuous deterministic flow. This approach is particularly well suited for large-scale systems,
such as communication networks with thousands of nodes. Fluid models enable scalable anal-
ysis of congestion control mechanisms (e.g., TCP), routing dynamics, and long-term system
performance. While they sacrifice stochastic detail, they offer tractable and computationally
efficient insights into system-wide behaviour.

Taken together, these methods form a hierarchy of modelling approaches, ranging from exact
stochastic models to large-scale deterministic approximations. The choice of method depends
on the required level of accuracy, system size, and the phenomena of interest. By combining
these approaches, the book provides a versatile toolkit for analysing modern complex systems,
balancing mathematical rigour with practical applicability.
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Chapter 1

Operational Approach and Bounds

1.1 Basic notions

This section presents the so-called operational approach [11, 27] to queueing systems. The term
emphasizes that all quantities considered here are easy to measure in a real system, that their
values are valid only for a given observation period, and that no assumptions are made about
their probabilistic nature.

Assume that a system is observed during a time interval 7. We introduce several quantities
related to its operation:

e number A of customers (jobs, tasks) arriving during the observation interval,
e number C' of customers completed during this interval,

e total time S within period T during which the system is busy, i.e. there is work to do;
during the remaining time 7" — S the system is idle.

We can now compute the input traffic intensity (mean number of customers arriving per
unit time)
A=A/T
and the system throughput (mean number of customers leaving the system after completing
service)
X =C/T.
The mean service time of a customer is

B=s/C.

The bar above selected symbols in our notation indicates that they represent mean values.
We assume that the system is stable, i.e. that the mean interval between arrivals is greater
than the mean service time. In this case the system is able to serve all customers, and they
do not accumulate indefinitely in the system. Therefore, over a sufficiently long observation
period,
A=X.

Example 1.1
If during the observation period T = 1000 sec the central processing unit (CPU) was busy for

11
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R

X N customers X
in the system

Figure 1.1: Little’s law: N = XR

S =300 sec and C = 150 tasks were completed, then the CPU throughput was X = 150/1000 =
0.15 jobs/sec, its utilization was U = 300/1000 = 0.3 = 30%, and the mean service time was

B = 300sec/150 = 2 sec.
|

Note that g so
=_—=_-_=08 1.1
T=COT BX, (1.1)

that is, utilization is equal to the product of throughput and mean service time. This relation
is called the utilization law.

Let R denote the response time of the system, i.e. the mean time a customer spends in the
system, either waiting or being served. Equivalently, it is the mean time between the arrival
and departure instants.

If during period T there were on average N customers in the system, then their total sojourn
time in the system was NT. On the other hand, if C' jobs were completed during 7" and each
of them spent on average R units of time in the system, then

NT = CR,

or

N = %R:XR. (1.2)

This relation, introduced more formally in [?], is called Little’s law (or Little’s formula).
We may apply Little’s law either to a single server with a queue or to an entire queueing
network. In the latter case, the number of customers in the network is the sum of the numbers
of customers at all stations; see Fig. 1.2c.

We may also apply Little’s law to the server alone, excluding its queue; see Fig. 1.2a. In
this case the mean number of customers in the system is

IxS+0x(T-S) S

N: :—:U
T T ’

and the response time is simply the service time. Thus, we recover formula (1.1).

Example 1.2

The throughput of a system, determined over an observation period of T' =5 hours, is X = 3
jobs/sec. During the same period, the observed mean number of customers in the system was
4. What was the response time?
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a) b)

******************

c)

Figure 1.2: Little’s law for a server, an entire service system, and a queueing network

Using Little’s law, we obtain

4 jobs

—— = 1. .
3 jobs/sec 33 sec

- N
R—}—
]

Consider now a system composed of M interconnected stations. As customers circulate
through the network, they visit different stations with different frequencies. Let V; denote the
mean number of visits to station ¢ during the total residence time of a customer in the network.

Since a customer is seen only once at the entrance to the network and visits station ¢ on
average V; times, for ¢ = 1,..., M, the throughput of station 7 is V; times greater than the
throughput of the entire network:

X, =V X.

This relation is called the forced flow law. The total mean service time received by a customer
at station ¢ during all its visits is

D; =V;B;.

The total service demand in the network is therefore
M

=% b.
i=1

Let us now consider the time-sharing system shown in Fig. 1.3. It is very similar to the first
queueing model used to evaluate a computer system [111]. The system consists of a number of
terminals and a computing subsystem represented here by a central processing unit (CPU) and
disks (in the original Sherr model there was only one server).

We assume that each user terminal sends only one task at a time (so there are no queues at
the terminals) to be processed and receives the result after the response time of the computing
subsystem, whose mean value is R. The user then analyzes the result for a period called the
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thinking time, whose mean value is Z, and sends the next task for processing. Thus, each task
alternates between two phases, with mean durations R and Z.
The number N of tasks circulating in the system is equal to the number of active terminals.
A portion Nz of them is at terminals, while the remaining portion N is being processed, so
that
N = N 7+ N R-

Applying Little’s law to both parts of the system, we may write

Ny =XZ, Ni = XR,

hence
N=(R+2)X,
and therefore N
R=2_7.
X

The route followed by tasks within the computing subsystem is determined by events oc-
curring during task execution. Each time a task needs to access a disk (to read or write data),
it relinquishes the CPU and joins the queue of the selected disk; at that moment, the CPU
is assigned to the next task waiting in the CPU queue. The same mechanism is represented
in the model: a customer corresponding to the task moves from the CPU to the queue of the
appropriate disk. The service time at the disk corresponds to the duration of the read/write
operation. After that, the task may continue its computation; in the model, the customer re-
turns from the disk to the CPU and joins its queue, waiting for its turn to be processed again.
Thus, the service time per visit to the CPU is the uninterrupted computation time between two
successive I/O operations. During the final visit to the CPU, the task completes execution and
returns to its terminal.

Using the laws formulated above, we are sometimes able to determine, from measurements
taken in one part of the system, quantities characterizing other parts of the system, as illustrated
by the following example.

Example 1.3

In the system under consideration there are N = 25 active terminals; hence 25 tasks are
either being processed or are at terminals in the thinking phase. The mean thinking time is
Z = 18 sec. Measurements show that the utilization of disk i is U; = 0.30, and the mean service
time per visit to this disk is B; = 0.025 sec. Completion of a task requires, on average, 20
read/write operations at this disk. What is the mean response time R of the system?

The throughput of disk i is

U; 0.30

1
Xp= 2= 2 g~
" B, 0.025 sec ’

while the throughput of the whole time-sharing system is
X; 121 1

Vi~ 20 sec " sec

Hence the response time is

_ 25
R = 06 sec — 18 sec = 23.7 sec.
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terminals

station i

Figure 1.3: A model of a time-sharing system

In the next example we introduce the notion of the bottleneck. The bottleneck is the
station with the highest utilization factor. It works more intensively than the other stations,
its total service demand is the largest,

Dmax = maXDi7
7

and therefore it tends to have the longest queue and the longest response time. It is the station
that limits the performance of the whole system, that is, the weakest point of the system. If we
want to improve the performance of the entire system, the first step should be to improve its
bottleneck. Improving other parts of the system is of little use, since it will have only a minor
effect on overall performance.

Example 1.4

In a time-sharing system represented by the model in Fig. 1.3, N = 15 users are active. The
CPU (station 1) cooperates with two disks: a slow disk (station 2) and a fast disk (station 3).
The mean service times at the stations are By = 0.05 sec, By = 0.07 sec, Bs = 0.02 sec. The
mean numbers of visits to the stations are Vi = 20, Vo = 12, V3 =7, and the terminal thinking
time is Z = 15 sec.
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o Which of the system resources is the most heavily loaded? What is the ratio of the station
utilizations?

The most heavily loaded station is the one that performs the greatest total amount of
work per customer, i.e. the one with the largest total service demand D;. We compute

Dy = B;Vi =0.05sec x 20 = 1.00 sec,
Dy = DByVs =0.07sec x 12 = 0.84 sec,
D3 = B3V =0.02sec x 7=0.14 sec.

Thus, the CPU is the bottleneck of the system.

Although we cannot yet determine the absolute values of the station utilizations, we can

determine their ratios: _ _
Ui  XiB;  XViB;

Uj ~ X;B; XV;B;

AS{S]

which gives
Uy =0.84Uq, Us =0.14U;.

e What is the minimum mean response time of the system?

The minimum mean response time is the sum of the total service demands of all stations.
We assume that the customer never has to wait: whenever it arrives at a station, all other
customers are elsewhere. Therefore,

3
Ripin = Z D; = 1.00 sec 4+ 0.84 sec + 0.14 sec = 1.98 sec .
i=1

o Which device becomes the bottleneck of the system if:

— we use a faster CPU with By = 0.04 sec?

Then
D; =0.04 x 20 = 0.8 sec,

so D1 < D», and the slow disk becomes the bottleneck.

— the slow disk is replaced by a slightly faster one with By = 0.06 sec?
In this case the CPU clearly remains the bottleneck; the disproportion between device
utilizations becomes even greater.

o What will be the utilization factor of the fast disk if the number of active terminals N
increases significantly?

The system will then become heavily loaded, which means that the utilization of the
bottleneck will approach 1, i.e. U; = 1; the CPU will be busy almost continuously. Since

we know that
Us =0.14Uq,

the utilization of the fast disk cannot exceed 14%.
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e In the system, N = 30 users are active. By how much should the CPU be accelerated to
ensure a response time of 12 sec?

If the response time is R = 12 sec, then the throughput of the whole system is

:_N_: 30 %1.11i,
R+ Z 12+ 15 sec

and the throughput of the CPU is

1
X1 =V X =20x1.11=2222 —.
sec

The maximum throughput of the current CPU, when it is busy 100% of the time, i.e.

when U; =1, is
Ulmax 1 1 1
X frd — = e — = 20 _—
1max By B; 0.05 sec’

which is below the required value.

Therefore, the CPU speed should be increased by at least a factor of

22.22 _ 111,
20

that is, by about 11%.

e In the system with N = 30, what should be done to ensure a mean response time of R = 10
sec?

In this case, both the CPU and the slow disk must be accelerated, because the speed of
either device alone is insufficient to ensure the required response time.

1.2 Asymptotic bounds for throughput and response time

Below we present lower and upper bounds on the throughput and response time of a time-
sharing system represented by the model in Fig. 1.3. We expect throughput and response time
to be increasing functions of IV, but at this point we are not yet able to determine their exact
values (this will be done in the next chapter using more sophisticated models). Therefore, we
derive here simple formulas, easy to compute, that bound the actual values of X (V) and R(N):

Xmin(N) S X(N) S Xmax(N) 5 len(N) § R(N) S RmaX(N) .

Two kinds of bounds are commonly used in the literature: the asymptotic bounds presented
here, and the balanced-system bounds presented in the next section. The term asymptotic
means here that we consider the system in two limiting cases: under low load and under high
load. The presentation below follows [30]. The original results may be found in [85, 7, 121].

Assume first that only one user is active, i.e. N = 1. The task issued by that user is alone
in the system and therefore never has to wait for service while circulating through the network.
Hence
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By Little’s law,
1 1

Xl)==—===——=.
R+7Z D+7Z
If the number of customers N increases, it is still possible (although less and less probable)

that a customer entering a station finds it empty because all other customers are elsewhere. In
the most favorable case, this happens at every station visited during its route, and thus

Rumin(N) = D.
The minimum response time corresponds to the maximum throughput:

N
Al N) = 577

On the other hand, an unlucky customer arriving at a station may find all other N — 1
customers already there. If this happens at every station it visits, its response time will be
maximal:

Ruax(N) = ND,
and the corresponding throughput will be minimal:

N

Xuon(N) = 5577

We may add one more condition: for each station,
U; <1, i=1,...,M,
where M is the number of stations. Since
U; = X;B; = X(N)D;,

it follows that 1

(2

and in particular

X(N) < -
Dmax
This means that if each customer spends, on average, at least Dy, units of time at the bot-
tleneck station, then customers cannot leave the network at intervals shorter than Dpax, and
therefore the throughput cannot exceed 1/ Diax.
Taking this into account, we obtain

N 1 N
——— < X(N) < minq =——,=——= . (1.3)
ND+ Z Dyax D+ 2
Recalling that
N
X(N): n =
R(N)+Z

D < R(N) < max{NDyux — Z, ND}. (1.4)
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disks

Figure 1.4: A model of a batch-loaded time-sharing system

In contrast to the terminal-load system, we may also consider a batch-load system, in which,
instead of terminals operating interactively, we model a system executing exactly N jobs in
parallel. Whenever a customer goes through the upper path, it is completed and immediately
replaced by a new one waiting outside the system in an input queue; see Fig. 1.4. In this case

. 1 N
mn{ =——, = ¢,
Dmax D

Z =0, and bounds (1.3)—(1.4) become
< R(N) < max{NDmax, ND}. (1.5)

o Ol =
IA
Jad
=
IA

The curves representing bounds (1.3)—(1.5) for exemplary parameter values are shown in
Figs. 1.5 and 1.6, together with the balanced-system bounds presented in the next section.

1.3 Bounds based on balanced systems

We now introduce another class of bounds, which are usually tighter, i.e. the gap between the
lower and upper bounds is smaller, although their form is somewhat more complex. Therefore,
we present them here only for the batch-load case (Z = 0).

A balanced system is one in which the total service demand at each device is the same:

D1:D2:...:DM:M.

As a consequence, the utilization factors of all stations are equal,

Uj=...=Upy.
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X(N) real throughput curve
is inside this area
ol D+ (N —1)Dsr
0.2 N
' D,
0.1 +
1
D
1 2 3 4 5 6 T8 9 10 11 12 N

Figure 1.5: Batch load — asymptotic bounds (thin lines) and balanced-system bounds (thick
lines) for throughput; data from Exercise 1.5

We will prove later that in such a system, when Z = 0, the utilization is given by

N
UN) = (16)
Therefore, the throughput of the system is
and the mean response time is
R(N) = N (N+M—-1)D;. (1.8)

The system we want to evaluate is generally not balanced. We therefore bound its per-
formance by two balanced systems. One of them (system A) is better than the system under
consideration, i.e. it has a smaller response time and higher throughput. The other (system B)
is worse, i.e. it has a longer response time and lower throughput. Both are balanced systems.

In the original system, the total service demands at the stations are Dy,..., Dy and their
sum is D.

In system A, the total amount of work D is redistributed equally among all stations, so that
each station has the same service demand

_ D
Dave - M

Since the total amount of work is the same as in the original system, but it is distributed evenly
among all stations (with no bottleneck), we expect the performance of this system to be better.
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Figure 1.6: Batch load — asymptotic bounds (thin lines) and balanced-system bounds (thick
lines) for response time; data from Exercise 1.5

X(N)
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N
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Figure 1.7: Terminal load — asymptotic bounds (thin lines) and balanced-system bounds (thick
lines) for throughput; data from Exercise 1.5
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Figure 1.8: Terminal load — asymptotic bounds (thin lines) and balanced-system bounds (thick
lines) for response time; data from Exercise 1.5
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Let D,,q. denote the total service demand of the bottleneck station in the original system.

In system B, we assign this amount of work to

M' = 7D
Doz

It does not matter that M’ may not be an integer. In this way, the total amount of work is
distributed among only M’ stations, while the remaining stations i = M’ +1,..., M are idle.
We may interpret system B in two ways. On the one hand, if we ignore the idle stations and
consider only the first M’ stations, the system is balanced and we may apply formulas (1.7) and
(1.8). On the other hand, if we consider all M stations, then the system is more unbalanced
than the original one, and therefore its performance should be worse.
Thus we obtain the bounds
N 1 < N 1
N +M' —1 Dpan

D + (N - 1)Dmax > R(N) > D + (N - 1)Dave ) (19)

and, recalling that X (N) < 1/Dyaz,

N 1 N
_ o x(v)< mm{ . _ }
D + (N - 1)Dmam Dmaz D + (N - 1>Dave

D+ (N —=1)Dpay > R(N)> max{D, D+ (N —1)Dgpe} . (1.10)

In the case of terminal load (Z > 0), Eqgs. (1.10) take the following form; see [30, 53]:

N 1 N
— < X(N)< min{ —= , = ,
D+ 7+ WlDmaz = )= Diaz” D + 7 4 W=D Deve

17Z/(ND) 14+2/D
D+ W= WDmar o pony s max {NDyws — 2, D4 D DPave Ly 4y
1+ Z/D 1+ Z/(ND)

Example 1.5

Draw the asymptotic and balanced-system bounds for a system of the type shown in Fig. 1.3,
composed of three stations with total service demands Dy = 5 sec, Dy = 4 sec, and D3 = 3 sec.
Consider both terminal load (Z = 15 sec) and batch load.

We define

D = Dy 4 Dy + D3 = 5sec + 4 sec + 3 sec = 12 sec, Dax = 5 sec, D, ye = 4 sec.

The bounds (1.10) and (1.11) are shown in Figs. 1.5-1.8.
|

Example 1.6

An interactive system of the type shown in Fig. 1.3 is composed of a CPU (station 1), a
group of fast disks (station 2), and a group of slow disks (station 38). During an observation
period of 60 minutes, the following measurements were taken:
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— number of active terminals: 30,

— mean user thinking time: 15 s,

— number of completed transactions: 2000,
— number of accesses to fast disks: 20000,
— number of accesses to slow disks: 16000,
— CPU busy time: 1000 sec,

— fast-disk busy time: 200 sec,

— slow-disk busy time: 1600 sec.

Evaluate, using asymptotic bounds, the following separate modifications of the system:
1. all files are moved to the fast disks and the slow disks are removed,

2. the slow disks are replaced by new fast disks of the same type as the existing ones,
3. the CPU is replaced by a new one that is 2.5 times faster,

4. the load of the existing disks is balanced — some files are transferred from one disk group
to the other so that their utilizations become equal,

5. all three previous options are combined: we have two balanced fast-disk groups and a faster

CPU.
Using the notation introduced earlier, we have
T = 60 min, 7 = 15 sec, S1 = 1000 sec, S9 = 200 sec, S3 = 1600 sec,

C' = 2000, Cy = 20000, C3 = 16000.

The mean numbers of visits to the disks are

Cy 20000
= _—=— = 1
Ve C 2000 0,
Cs; 16000
Vs = C 2000

The topology of the model implies that
Vi=Veo4+V3+1=109.

The mean total service demand at station i is D; = .5; /C":

_ S, 1000s
D = — = = .

! c = 2000 = 00
_ Sy 200s
D, = 22_ —01

2 C = 2000 S
_ Sy 1600
Dy = 28— > —0.8s.

C 2000
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Modification D; Do Ds Dpax D 1/Dmax 1/(D + Z)
0 0.5 0.1 0.8 0.8 1.40 1.25 0.0606
1 05 018 0 0.5 0.68 2 0.0638
2 0.5 0.1 0.08 0.5 0.68 2 0.0638
3 0.2 0.1 0.8 0.8 1.1 1.25 0.0621
4 0.5 0.164 0.164 0.5 0.828 2 0.0632
5} 0.2 0.09 0.09 0.2 0.38 ) 0.0650

Table 1.1: System parameters for each modification

The mean service time per visit is

_ D,
Bi = 727
i
hence
_ Dy 05s
B = —= = 0.026
! Vi 19 >
— D2 0.1s
B, = —= =0.01s,
2 Va 10 i
_ D3 08s
By = —= =0.1s.
3 Vs 3 S
To plot the asymptotic bounds, we also need
1 1 D+7Z
= =125 —, N* = _+ = 20.5.
max secC Dmax

Let us now consider the modifications. Parameters corresponding to a modification are
marked by a superscript indicating the number of that modification in square brackets. The
original system is denoted as modification zero.

For clarity, let us show only selected asymptotic bounds in the figure (but for all system
versions simultaneously): the upper bound for throughput and the lower bound for response
time; see Fig. 1.9. As can be seen, modification [3], i.e. the introduction of a faster CPU, does
not change the shape of the curves. The CPU is not the bottleneck, and speeding it up does
not improve system performance.

Modifications [1], [2], and [4] yield practically the same result: they improve external-
memory performance to such an extent that the CPU becomes the component limiting system
performance, that is, the device determining throughput and response time. Note that modifica-
tion [2] is the most expensive, since it requires the purchase of new disks, whereas modifications
[1] and [4] require only the work of a system administrator. Modification [4] also has an advan-
tage over [1], since it preserves more disk capacity.

Once disk performance has been improved, it also makes sense to speed up the CPU — this
is modification [5].

|

Example 1.7
The virtual-memory system consists of:
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X(N)
5 5]
4 4
3 4
2 [1], [2], [4]
N 0], 3
1 1 1 1 1 N
20 40 60 80 100
R(N)
70 |
v 0], 13
50 +
40 |
30 | (1], 2], [4]
20 +
10 +
- [5] N

20 40 60 80 100

Figure 1.9: Asymptotic bounds for the system in Example 1.6 and its modification: an upper
bound for X (V) and a lower bound for R(N).
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1. a central processing unit,

2. a paging disk with fized heads, used as an extension of main memory. Memory is divided
into pages; some of them reside in main memory, while the others are stored on disk. If a
program refers to a page that is not currently in main memory (a page fault ), that page is
fetched from disk and replaces another page that is no longer needed. A page fault causes
the task to lose CPU time — in the model, the customer representing this task moves from
the “central processing unit” station to the “paging disk” station and then returns to the
end of the queue at the central processing unit,

3. a fized-head disk, with the same parameters as the paging disk, used for writing files,
4. a moving-head disk containing files.

Let us use the above numbers as the station numbers in the model. The service time for a
single access to a fived-head disk is By = B3 = 12.5ms, while the service time for a single access
to the moving-head disk is By = 30 ms.

Batch-type tasks are executed in the system. A typical task requires D1 = 3 s of CPU time
and performs, on average, V3 = 150 accesses to files on the fixed-head disk and Vy = 250 accesses
to the moving-head disk.

The mean time between page faults is a function of the level of multiprogramming: the more
programs are running simultaneously, the smaller the amount of main memory allocated to
each of them, and therefore the more frequent the page faults. The relationship between the
multiprogramming level N and the mean time between page faults, denoted by Bg,, has been
measured and is given in the following table:

N 1 2 3 4 5 6 7 8 9 10
Byy[ms] | 15.0 145 130 120 83 6.0 47 41 39 35

The utilization of the central processing unit was measured as a function of the multiprogram-
ming level, yielding a dependence typical of a virtual-memory system: initially, CPU utilization
increases with N; subsequently, as page faults occur more and more frequently, the CPU spends
an increasing fraction of its time manipulating memory pages, and its effective utilization by
user programs decreases.

N 1 2 3 4 5 6 7 8 9 10
U; | 0.286 0.302 0.350 0.375 0.370 0.361 0.329 0.310 0.291 0.275

e For what multiprogramming level Nop is the system throughput maximal, and what is its
value?

e What software improvements to the system can be proposed, and how should the effect of
these changes be evaluated?

The system throughput is
X = Xy U1 U
Vi BV Dy’
and is therefore proportional to CPU utilization. Hence the optimum is attained at Ny = 4,

and U 0.375
N = 222 — 2902 — ().125 tasks /sec.
D, 3
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To determine the number of file accesses per task, i.e. the numbers of customer visits to
stations 3 and 4, we compute the total service demands:

D3 = V3B3 =150 x 12.5ms = 1.875s,
Dy, = V4B;=250x30ms="7.5s.
The number of page-fault operations required to complete a single task is a function of N:
D,
Va(N) = =,
( ) Bstr(N)

and thus for N = 4 the total task processing time at station 2 is

= — D1 — 3s
Do(4) =V5(4) Bs = = By = x 0.0125s = 250 x 0.0125s = 3.125 s.
2(4) = Vo) Br = 5 B2 = 509 i i i
Comparing the values of D;, i = 1,...,4, we see that the bottleneck of the system is station

4. We may therefore attempt to balance the load between stations 3 and 4, as in the previous
example. We transfer part of the files from the slow moving-head disk to the faster fixed-head
disk so that the new values of the total service demands become equal:

bl = D,

We compute the numbers of visits corresponding to this condition:

vl Lyl =y,
vi'By = v,'By,
that is,
vl v = 400,
vl <125 = v x30.

Hence we obtain
vil~a282,  via11s,

and therefore
Dl = Pl ~ 3545,

The system is now nearly balanced, and the total service demand is
4
D= ZDZ- =35+3.1255+3.54s+ 3.54s = 13.16 5.
i=1

We obtain

Dy, =3.295, Dinax = 3.54 s,
and, using the balanced-system bounds,

N xwy N
D + (N —1)Dpax

IA
|
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we estimate the new system throughput:

4 4
<
13.16 + (4 — 1) x 3.54 = 13164 (4 — 1) x 3.29°

0168 < X(4) < 0.174.

We may therefore expect the system throughput to increase from 0.125 tasks/sec to approxi-
mately 0.170 tasks/sec, i.e. by about 36%.
|
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Chapter 2

Mean Value Analysis

2.1 Basic algorithm

The bounds discussed so far allow us to estimate the response time and throughput of the
system. But where exactly between Rpin and Rpmax, and Xpin and Xpay, do the actual values
R and X lie? This question is answered by the analysis of mean values presented in this chapter,
known briefly as the MVA method (Mean Value Analysis), [100, 102, 101].

In an open network such as that shown in Fig. 2.1, which is in equilibrium (the network
is in equilibrium if all its stations are in equilibrium, i.e. if the mean service time is shorter than
the mean interarrival time of successive jobs), the throughput of any station i is determined
by the external flow X passing through the network and by the number of visits V; made by
customers to that station:

X, =XV,.

The throughput X; does not, however, depend on the queue length or the waiting time at
that station. Let the average number of customers at station i be N;. A new customer arriving
at station i sees N; customers ahead of it; each of them will be served for a time B; before
service of the observed customer begins. The station response time, consisting of the waiting
time and the service time, is therefore

Ri = NZBZ + BZ = BZ(NZ +1).

We also know, from Little’s law, that N; = R; X;. Combining the above equations and recalling
that B; X; = U;, where U; is the utilization of station ¢, we obtain

N; = 2.1

-0 (2.1)
and B

Ri=—t 2.9

0 (2.2)

The reasoning above is approximate: one of the N; customers present at the station when a
new customer arrives is already being served, and the average remaining service time generally
differs from B;. We shall return to this issue in the probabilistic section; for the moment, let us
only note that results (2.1) and (2.2) are exact when the service-time distribution is exponential.
A condition for the existence of a solution is that for all stations, U; < 1. This is evident from
the form of expressions (2.1) and (2.2). Otherwise, the system is unstable: the queue of tasks

31
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Figure 2.1: Open network with M stations.

in front of the station whose utilization factor satisfies U; = 1 keeps increasing, because the
station is unable to process tasks sufficiently quickly.

Knowing the external customer flow X and the numbers of visits to the stations, we calculate
the values NN;, and then the average number of customers in the entire network,

M
N=> N,
i=1
and, in accordance with Little’s law, the network response time
R=N/X.
We can also calculate R by first determining the mean total time
Ry = ViR

that a customer spends at station i:

and then summing
M
R=) Rey
i=1

Example 2.1
Fig. 2.2 shows a model of a transaction-processing system. The transaction stream originates
at many terminals and is practically independent of the number of transactions already present
and being processed in the system. The model distinguishes four service centers, representing,
respectively, the central processing unit, fast disks, slow disks, and the communication processor.
The average service times per visit at these stations are

By =30ms, By;=20ms, B3=80ms, By=>500ms.
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The average numbers of visits per task to the individual stations are:
Vi=40, V=30, Vs=10, Vy=1.

The input task flow arriving at the communication processor has value X = 0.7 tasks/sec.
Determine the basic performance parameters of this system. At what threshold value X4, is the
system unable to handle all transactions and thus becomes unstable?

dyski szybkie

procesor komunikacyjuy procesor centralny ﬂ@

y ——NCO——100)
—MCe)—— =

Figure 2.2: Model of a transaction-processing system, Example 2.1.

The performance parameters of the service centers and the method of their calculation are
summarized in the following table:

Parameter Station number:

1 2 3 4
D; =V, B, [s] 1.2 0.6 0.8 0.5
X =V X [tasks/s] | 28 21 7 0.7
U; = X;B; = XD; 0.84 0.42 0.56 0.35
N;=U;/(1-U) [tasks] | 5.25 0.72 1.27  0.54
R;=B;/(1-U;) [s] 0.1875 0.0345 0.1818 0.7692
R(C)Z =D;/(1-U;) [s] 7.5 1.0345 1.8181 0.7692

The network response time is
4
R=> Ry =755+1.03455+ 1.8181 s+ 0.7692 s ~ 11.12 5.
i=1

One can also determine R using Little’s law:

N YE N, 525407241.274054 T7.78
R = — = i=1 v = — ~ 1112 .
X X 0.71/s 0.7 ° §

It can be seen that the central processing unit is the bottleneck of the system. The total
service demand of a task is greatest there; the largest part of the total response time is therefore
due to the central processing unit. This is also the station at which the longest queue is found.
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The stability of the system is determined by the stability of the most heavily loaded station,
and the load on the stations depends linearly on the system throughput. The load on the central
processing unit is currently, at X = 0.7 tasks/s, equal to 84%, and it will reach 100% at

0.7
= el 0.833 tasks/s.

Example 2.2

The path of packets from node 1 to node 4 is shown in Fig. 2.5. Node 1 sends packets to
node 4 at a rate of X = 4 packets per unit time. The mean packet transmission time over each
link is the same and equal to B = 0.2 time units.

Determine the packet flow rates between the individual nodes and the average packet trans-
mission time between nodes 1 and 4. The probabilities of selecting particular packet routes are
as follows: 112 = 0.25, r13 = 0.75, ro3 = 0.5, ro 4 = 0.5, 734 = 1. The intensity of local traffic
(additional to the traffic under consideration) is shown in Fig. 2.3.

We calculate the traffic intensities between successive nodes, expressed in packets per unit
time:

X9 = Xri_o+ X%, =4%x02542=3,

Xoo3 = Xri_oro g+ X% =4x025x0.5+2=25,
Xo 4 = Xriore g+ XP¢ =4%x0.25x0.5+4=4.5,
X1 3 = Xri3+XP%=4x075+1=4,

X34 = Xri_grs_s+ X% =4x0.75x 1.0+ 0.5 =3.5.

Next, we calculate the utilizations of the links,
Ui, = X,_;B,
thus obtaining
Ui—2 = 0.6, Us—3 =0.5, Us—y =0.9, Uj—3=0.8, Us_4 =0.7.

The response times for the individual links are
_ B
R =10
hence
Ri_5=0.5, Ry 3 =04, Ry 4 =2.0, Ri_3=1.0, R3_4 = 0.667.
The probability that a packet takes the route 1 —2 — 4 is
P1-2-4 = T1-272_4 = 0.125,

similarly,
p1—2-3-4 = 0.125, p1-3-4 = 0.75.
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Taking this into account, we calculate the average response time for the connection between
nodes 1 and 4:

R = pioo_a(Ri—2+ Ro_y)
+p1-2-3-4(Ri_2+ Ra_3+ R3_4)
+p1-g—a(Ri—3 + R3_4)

= 0.125(0.5+ 2.0) + 0.125(0.5 + 0.4 + 0.667) + 0.75(1.0 + 0.667)
1.76.

“loc 4
Xloe, =4

~loc ¢ \%

Nloe, =2 NXbr =4
£ 7

— e [Xle, =05
TN

o T
Y = 4 \%ri::a =1 Xi7y =2 ) 7‘ \%% @
f‘l:«} = 0‘7_3 DID@\ ‘Y£OC4 - U-:j

~loc
‘Xl 3 1

Ry _4=7

Figure 2.3: Packet flow through the network in Example 2.2

In a closed network, shown in Fig. 2.4, the average number of clients at a station (as well
as its utilization and throughput) depends on the total number N of clients in the network,

N; = Ni(NV).

A client arriving at station ¢ finds on average N;(IN — 1) other clients there, that is, as many
as would be present on average at the station if the client under consideration were removed
from the network. In other words, when a new client arrives at station ¢, there are on average
N;(N — 1) other customers already present.

Proofs of this fundamental relationship for the MVA algorithm are given in [110, 71]. The
response time at station 7 is therefore

Ri(N)=Bi[1+N(N-1)], i=1,...,M. (2.3)
At stations representing terminals, where there is no queue and therefore no waiting time,

Ri(N)=B;. (2.4)
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=
=

Figure 2.4: Closed network of M stations

Knowing R;(N) for i = 1,...,M, we can in turn calculate the network throughput. We
choose a branch whose throughput is regarded as the network throughput X (N) and, using
Little’s law applied to the entire network as viewed from this branch, we obtain

B N B N
SMUViR(N) M Ry(N)

where V; is the average number of visits to station i per single cycle through the branch with
respect to which the network throughput is defined, and

X(N)

(2.5)

R(¢)i(N) = ViR;(N)

is the total time spent at station ¢ between successive visits to the selected branch.
If station ¢ has a queue, then

R(¢i(N) = D;i[1 4+ Ny(N —1)],
whereas if it is a station where tasks do not queue, then
Re;(N) = D;.
The throughput of station ¢ is V; times greater than the network throughput:
Xi(N) = V;:X(N).
Let us now apply Little’s law separately to each station:
Ni(N) = X;(N)R;(N) , i=1,...,M. (2.6)

In this way, knowing the value of N;(N — 1), one can calculate the value of N;(N). The
utilization of station 7 is

Ui(N) = BiX;(N) .
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The Mean Value Analysis algorithm consists of recursively calculating expressions (2.3)—
(2.6), assuming that there are n = 1,2,..., N customers in the network. The initial condition

1S

and consequently
Ri(1) = B;,

since if there is only one customer in the network, that customer always arrives at an empty
station.

Equation (2.3), which relates response time to the average number of customers, applies
not only to a station with the standard queueing discipline, in which the order of service
corresponds to the order of arrival of requests, also known as the FIFO (First-In-First-Out)
or FCFS (First-Come-First-Served) discipline, but also to a PS (Processor Sharing) station, in
which the average service time is proportional to the number of clients at the station, as well
as to a LIFO (Last-In-First-Out) station with the following queue discipline: service of a newly
arriving client begins immediately, interrupting the current service, which is resumed when the
station becomes available again.

We shall justify this in more detail in Chapter 5, which describes the probabilistic model of
a similarly defined network.

Stations for which equation (2.4) applies, i.e. stations whose response time is always equal
to the service time, are called IS (Infinite Server) stations. This means that we may assume an
infinite number of parallel service channels, so that service of every customer begins immediately
upon arrival, regardless of how many customers are already present at the station.

Example 2.3

Let us return to the model for which the asymptotic and balanced-system bounds on through-
put and response time were computed in Fxample 1.5. The model consists of a group of termi-
nals, a central processing unit, and two disks, and its structure is shown in Fig. 1.3. We assume
terminal load (Z = 15 s), and the total task service demands at the stations are: Dy = 5 s,
Dy = 4 s, D3 = 3 5. Calculate the mean response time and system throughput for N € [1,12]
active terminals.

For our model, the equations of the M VA method take the form

Rii(N) = Di[l+Ny(N-1)], i=1,2,3,
N

Y

1=

Ni(N) = X(N)Rpi(N), i=1,23.

We use these equations to perform calculations for N = 1,2,...,12. Once the throughput
X (N) has been found for a given N, the utilizations of the stations are obtained from

On average, there are
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tasks at the terminals. The system response time
3
R(N) = Z R)i(N)
i=1

can also be calculated as

MN="3%m ~ xm
e N=1
Rn(1) = Di[l+N(0)]=D1=5,
Ri2(1) = Do[l+ Ny(0)] =Dy =4,
Riys(1) = Ds[l+ N3(0)] = D3 =3,

i=1
1 1 1
XM = 205 = = — =0.0370
W) Z+R(1) 15+12 27 ’
s . 5
Ni(1) = X(1)Rp(1) = 5 = 0.1852,
G - 4
2(1) = X(1)R(1) = 5 = 0.1481 ,

=i

3
N3(1) = X(D)Rs(1) = 5 = 0.1111.

The average number of tasks at the terminals is

15 = 0.5556.

No(1) = X(1)Z 5

For N =1, the station utilizations

are equal to the mean numbers of customers at these stations, that is, to the proportions
of time during which the single customer in the network is present at the corresponding
stations:

Ui(1) = Ny(1).
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e N=2

Ry1(2) = Di[l+ Ni(1)] =5[1 +0.1852] = 5.9259,
Ri2(2) = Da[l+ Ny(1)] = 4[1 4 0.1481] = 4.5926 ,
R(3(2) = Ds[l+ N3(1)] =3[140.1111] = 3.3333

R(2) = Z R(¢i(2) = 5.9259 4 4.5926 4 3.3333 = 13.8518,,

2 2
X2 = —°~ - =0.0693
@ Z+R(2) 15+ 13.8518 ’

No(2) = X(2)Z =0.0693 x 15 = 1.0395,

Ni(2) = X(2)R(1(2) = 0.0693 x 5.9259 = 0.4108,

Va(2) = X(2)R()2(2) = 0.0693 x 4.5926 = 0.3184,

N3(2) = X(2)R(y3(2) = 0.0693 x 3.3333 = 0.2311 .

The station utilizations are
Ui(2) = X(2)D; =0.0693 x 5 = 0.3466 ,

D, =
Uy(2) = X(2)Dy=0.0693 x 4 = 0.2773,
Us(2) = X(2)Ds=0.0693 x 3 = 0.2080.

D1[1+ N1(2)] = 5[1 + 0.4108] = 7.0539 ,
D[l + Ny(2)] = 4[1 + 0.3184] = 5.2736 ,
Ds[1+ N3(2)] = 3[1 +0.2311] = 3.6933 ,

3
> R(0)i(3) = 7.0539 + 5.2736 + 3.6933 = 16.0208 ,

3 3
Z+ 33 Ryi(3)  15+16.0208

= 0.0967 ,

X(3)Z =0.0967 x 15 = 1.4505 ,

X (3)R(1(3) = 0.0967 x 7.0539 = 0.6822,
X(3)R(0)2(3) = 0.0967 x 5.2736 = 0.5100,
X(3)R(c)3(3) = 0.0967 x 3.6933 = 0.3572.

The station utilizations are

U1(3) = X(3)D; =0.0967 x 5 = 0.4835,
Uz(3) = X(3)Dy =0.0967 x 4 = 0.3868 ,
Us3(3) = X(3)D3=0.0967 x 3 =0.2901 .

We proceed similarly for

N =4,...,12. Table 2.1 contains some of the calculated results.

Figs. 2.5 and 2.6 show the graphs of X (N) and R(N) against the background of the asymp-
totic and balanced-system bounds.
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R X Nl NQ Ng Uy Us Us
12.0000 | 0.0370 | 0.1852 0.1482 0.1111 | 0.1852 0.1482 0.1111
13.8517 | 0.0693 | 0.4108 0.3184 0.2311 | 0.3466 0.2773 0.2080
16.0205 | 0.0967 | 0.6822 0.5100 0.3572 | 0.4836 0.3868 0.2901
18.5233 | 0.1193 | 1.0036 0.7207 0.4858 | 0.5966 0.4773 0.3580
21.3583 | 0.1375 | 1.3777 0.9465 0.6130 | 0.6876 0.5501 0.4126
24.5125 | 0.1519 | 1.8052 1.1823 0.7348 | 0.7592 0.6074 0.4555
27.9600 | 0.1629 | 2.2855 1.4224 (0.8480 | 0.8147 0.6518 0.4888
31.6605 | 0.1715 | 2.8165 1.6613 0.9505 | 0.8573 0.6858 0.5144
35.5788 | 0.1779 | 3.3955 1.8942 1.0412 | 0.8897 0.7118 0.5338
39.6779 | 0.1829 | 4.0195 2.1173 1.1200 | 0.9145 0.7316 0.5487
43.9273 | 0.1867 | 4.6850 2.3276 1.1872 | 0.9337 0.7467 0.5600
48.2978 | 0.1896 | 5.3889 2.5234 1.2440 | 0.9479 0.7583 0.5687

— =
D8 ©w-uo o w =2

—
[\

Table 2.1: Calculation results for Example 2.2

When deriving the balanced-system bounds for batch load, we assumed without proof the
following expression for the station utilization:

N

UGN =N

where, as usual, N is the number of tasks and M is the number of stations. We can now derive
this relation easily.
In a balanced system,

_ _ _ D
Dl = D2 = e e e — DM = H’
and the average number of tasks at each station is the same:
_ _ _ N
Ni(N)=Ny(N)=---=Ny(N) = i

We determine the total response time at a station, which is the same for all stations:

Rop(N) = Dl N = 1)) = 47 |1+ 2

and the network throughput (we are considering batch load here, so Z = 0):

N N NM

M S R B+ 5] DN

The utilization of a station is therefore

_ NM D N
Ui(N) = X(N)D; = — Zzo N
(V) = X(N) DIM+N—-1) M N+M-1
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N l)L)m aw
1+Z/(ND)

ND+Z

1 23456 789101112N

Figure 2.5: Throughput X (V) calculated using M VA (dots) and its asymptotic and balanced-
system estimates, data from Example 2.2



42 CHAPTER 2. MEAN VALUE ANALYSIS

If(‘\) j (‘\ - 1)1_)111{1,;1:
1+ Z/(ND)
60
501 ND MYA
. —_ —_
10 ® N L)m. ar z
®
301 . ¢ 7
(N =1)D,,
b D+ %
201 . 1+ Z/D
10] D

1 234567 8 9101112 N

Figure 2.6: Response time R(N) calculated using MVA (dots) and its asymptotic and balanced-
system estimates, data from Example 2.2
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Example 2.4

Figure 2.6 shows a section of a computer network through which packets are transmitted
(switched). The black dots denote the nodes of this network, and the arrows between them
denote packet-transmission paths. At this point, we are not concerned with the operation of the
entire network, but only with packet transmission along the path A-B—C. This path, considered
in isolation from the rest of the network, is called a virtual path. Its model is shown in Fig. 2.8a.

Packets arrive at node A at a rate of X4 packets per unit time and form a queue there,
waiting to be processed, i.e. transmitted to the next node. Transmission over link A-B corre-
sponds to the first service station, and transmission over link B—C' corresponds to the second
station. We want to determine the transmission time over path A-B—C, the queue lengths at
the nodes, and the actual path throughput.

In the model, we must take into account the transmission-window mechanism: at most N
packets may be present on the A-B-C path at any given moment. If this limit is reached,
subsequent packets arriving at node A are discarded. How can this be represented in the model?
We transform the model from Fig. 2.8a into a closed network containing an additional, third
station with mean service time By = 1/X4; see Fig. 2.8b. There are N customers circulating
in this network. As long as fewer than N customers are present at stations 1 and 2 together,
station 8 is active and customers move from it to station 1 at rate X 4. If the total number of
customers in stations 1 and 2 reaches N, then station 3 is empty and no new customers may
enter. The model therefore respects the constraints imposed by the windowing mechanism. It
remains to solve the closed-network model using the MVA algorithm.

a ) pakiety odrzucone, X, = X4 — X

b)

Om-=

N zadari

e I )——

Figure 2.7: Packet transmission in Example 2.4
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Let us assume that the transmission times over links A-B and B-C are equal:
By = B.

In the model, V; = V5, = V3 =1, and the M VA equations for any N take the form:

The link utilization is B
U(N)=U;(N)=Us(N)=X(N)B;.

If the windowing mechanism is not active, i.e. no packets are discarded (X = X 4), then the
open-network model consisting of two service stations in series gives

_ _ _ U _ — B
Ui=Uy=XsB),, N =Ny=—"— = !
1-U

Let us assume
By =0.15s, X 4 = 3 packets/s.

Table 2.2 contains the values B B B
N = Ni + Na

of the mean number of packets on route A-C', the mean transmission time
R= R1 + RQ,

the throughput X, and the link utilization
U=U,=U;

as functions of the window size N, as well as the case in which the windowing mechanism is
disabled (N — o0). The smaller the window size, the more frequently packets are discarded
and, consequently, the lower the utilization and throughput of the links. At the same time, the

transmission time becomes shorter.
[ |

Example 2.5

The virtual path is represented in Fig. 77 by a sequence of M identical service stations. The
windowing mechanism limits the number of packets in transit to N. Determine the value of N
for which the link capacity, defined as the ratio of throughput to response time, is mazximaized.

We express the path throughput, in accordance with Little’s law, as

N

X(N) = 5oy
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R N X U
0.3711 0.8435 2.2732 0.3410
0.4676 1.3093 2.8001 0.4200
0.5156 1.5191 2.9463 0.4419
0.5354 1.5987 2.9862 0.4479
0.5424 1.6252 2.9966 0.4495
0.5455 1.6364 3.0000 0.4500

= =N ) g

Table 2.2: Calculation results for Example 2.3

Since we assume that all service stations have identical properties and that the transmission
times over all links are the same,

B; = B, i=1,...,M,
the average number of tasks seen at each station when a new task arrives is
N=N-1
Hence the response time for the entire path is

R(N)=MR;(N)=MB [1 + Nﬂzl} = B[M + N —1].

We now calculate the link capacity:

From the condition

dg(N) _
dN
we obtain
N=M-1.

2.2 Multiple classes of clients

So far we have assumed that all clients behave in the same way: they have the same mean
service times and the same mean numbers of visits to the stations. This assumption is not
always justified. The utilization of the central processing unit and the number of disk accesses
differ for numerical computations, text-editing sessions, database queries, and other kinds of
workloads. If the tasks performed in the system are not all of a similar nature, it is advisable
to divide them into classes within which their behavior may be regarded as uniform.

In such a model, we distinguish classes of clients, each of which is characterized by its own
service times and its own route through the network of stations.
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Assume that there are K classes of clients in the model. A quantity characteristic of class

k will be denoted by a superscript in parentheses (to avoid confusion with an exponent). For

example, BZ-(k) denotes the mean service time of a customer of class k at station ¢, and Vi(k)

denotes the mean number of visits made by a customer of class k to station 1.

2.2.1 Open network

The input stream is described by the vector
X =xW x@  xE)y

The throughput of station ¢ for tasks of class k is

the utilization factor of station i associated with serving tasks of class k is
Uz‘(k) _ XZ-(k)BZ-(k) _ X(k)Dl(k) :

and the total load on station ¢ due to serving all classes of customers is

S—p
vi=S U,

For the network to remain stable, the utilizations of all stations must be less than one, i.e.
max U; < 1.
K]

Suppose that, at queueing stations operating under the natural discipline, the mean service
times are the same for all customer classes:

This is a serious limitation of the model, but only under this assumption can we proceed
as in the case of a single customer class and assume that the waiting time for service is equal
to the average number of customers of all classes present at that station multiplied by their
common mean service time. It follows that

K
1+ Nf’)] .
=1

Note that the total service demands for customers of different classes at a given station may
nevertheless differ, because the numbers of visits made by customers of different classes to that
station may differ:

V@'(k) 4 Vi(l)’

and hence
D" = DY

If we work only with total service demands and total response times, the above restriction is
not immediately visible.
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The total response time of a customer of class k at station ¢ is

K
1+ Nf”] .
=1

The expression in brackets is the same for all customer classes, so we may write

p(k) _ k)

p(l) (k)
R _ B
and therefore
p(k) (k) - - v
R(c)z - D’L 1+Z z]
L =1
(k) - - )
N D, )
= DY |1+ RX ]
L =1
(k) _ ng)) = 0]
_ ‘k c)i a ‘l )
= D HD(’“);DZ xO
from which we obtain
= (k) A (k) (k)
_ D D: D
RF) _ i _ i

RN T
and, using Little’s law,

)

vE — x B Rk =
N = XORE =5 =

Example 2.6

Fig. 2.10 shows a two-station open network serving two classes of customers. Station 1,
representing the central processing unit, is modeled as a PS station; station 2, representing the
disk, has the natural queueing discipline. Assume the following data:

e input traffic intensities: X® = 0.5, xX® = 1;
e mean service times: Bgl) = 0.01 s, Bgz) =0.1s, Bgl) =0.02 s, Bém =0.02 s;

o numbers of visits to the stations: Vl(l) = 40, V1(2) =4, VQ(I) =39, V2(2) =3.

Calculate the mean queue lengths and response times of the network.
We calculate:

e total service demands at the stations:
DM = BV =0.015 x40 =045,
DY = BPV® —01sx4=04s,
DY = BMVY = 0.02s x 39 = 0.785,
DY = BPVP® =0.02sx3=006s;
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N pakietow w drodze
Lm@%m@ﬁm@é - - ~-——={1T—

X(N) X(N) X(N)

R(N)

Figure 2.8: Virtual path with N packets between sender and receiver in Example 2.5

e utilization factors of the stations due to first- and second-class customers:
v) = xWpM =5 é x 0.4s=0.2,
v = x@pP® =10 % % 0.45 = 0.4,
vl = xWp =05 % x 0.78s = 0.39,
U@ — x@p® — 101 x0.06s= 006

S
hence the total utilizations of the stations are

U, = UV 4U® =02404=06,
Uy = UMY +UP =039+ 0.06 = 0.45;

e the mean numbers of first- and second-class customers at the stations:

(1)
_ U 0.2
1 1-U; 1-06 0-5,
(2)
=(2) U, 0.4
N pr— p— p— 1.
1 1-U; 1-06 0,
GRS
2 1-Uy, 1-045 77
(2)
N o= Y 006,

1-Us 1-045

o the mean total response times for customers of each class at each station:

(1)

S(1) D; _ 0.4 _1

Ben = 120, = 1206 1%

Ao _ DY 04 o

(o)1 1-U; 1-06

A(1)

S(1) D, 0.78

Fieya 1-U; 1-045 8
A(2)

_ D .

R = Pa_ 00640

(c)2 1— UQ 1—-0.45
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hence the network response times for customers of each class are

=104 1.418 = 2,418,
=1.0+0.109 = 1.109.

We can also calculate the network response times using Little’s law:

NY LN 0540709

51) _
RO = S 20t TD o,
7@ L, o
g2 - MU AN 1H0109 g
X® 1

2.2.2 Closed network

The MVA algorithm for a closed network with multiple customer classes is

a simple generalisation of the procedure for a single class. We continue to denote by M the
number of terminals, and by K the number of classes. The population of clients in the network
is fixed and described by the vector N = [N(l),N(Q), .. .,N(K)], where N®) k=1,2,... K, is
the number of customers of class k present in the network.

A customer of class k arriving at station ¢ in a closed network with a population of N finds
at that moment an average of as many customers as many as there are on average, if we reduce
the network population by one customer of his class, and thus for the population, which we
shall denote as N — 1) where 1) = [0,...,0,1,0,...,0] is a K-dimensional vector whose
k-th component is equal to one, and the others are zero.

RP(N) = BP[1+ Ny(N —1W)] | i=1,...,M, (2.7)
= K

N; = Zle Ni(k) is the average number of customers of all classes combined present at
station 4. As with open queues, we must assume that under the natural policy, all customer
classes have the same average service time B; at station i, but a different overall average service

time ng). In the case of LIFO and PS policies, equation (2.7) also holds and different service
(k)

times B, are permitted for each class. For stations IS

RM(N) =B (2.8)

)

The total response time at a station (between successive passages of a customer through branch
/x, where the network throughput is measured) is, respectively,

E (N) = ng)[l + Ny(N —1%¥)] for the FIFO, LIFO, PS queues , (2.9)
RE“(N) = p for IS queues . (2.10)

)
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Figure 2.9: Intermediate populations for the model with a population of (2,2) customers

The equations determining the network throughput and the average number of customers of
a given class at the stations — equivalents of equations (2.5,2.6) for a single class of customers
— take the form

XNy = —— k=1,....K, (2.11)

N®@my = x®mRE).

(2

(N), i=1,..., M, (2.12)
k=1,... K.

The presence of many classes greatly increases the computational complexity of the algorithm.
The number of intermediate populations between 0 and IN, for which the model must be solved,
grows very rapidly. Fig. 2.10 shows the intermediate states for the model with population
N = (2,2).

For illustration, let us assume that the M VA algorithm for a closed network of 10 stations
containing 50 customers of a single class requires approx. 500 arithmetic operations and the
storage of approx. 10 intermediate data items , whereas the algorithm for the same network
containing also 50 customers, grouped into 5 classes of 10 customers each, requires over 8 million
operations and the storage of over 145,000 intermediate data items [30].

The required computation time is proportional to the value

K
ME J[(N® +1),
k=1
whilst the memory required increases with the expression

K
Mo [ R4,
kilvkikmax

where ky,qz is the index of the most numerous class. In some practical cases (telecommunications
network models ), these requirements are too excessive and the MVA algorithm must be used
in an approximate form, discussed in subsection 2.3 .

2.2.3 Mixed network

A mixed network is a multi-class network which, for certain classes (let us call them closed
classes), behaves as a closed network, while for others (referred to here as open classes) it
behaves as an open network — Fig. 2.12.

The procedure in this case is as follows.

1. Let us denote the set of closed classes by Z, and the set of open classes by O. For all
stations in the network, we first calculate their utilization due to each of the open classes:

Ui(k) :X(’“)ng), 1=1,..., M,
keO.
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XW
xX®

Figure 2.11: Intermediate populations for the model with population (2,2) customers
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Figure 2.10: Two-class model in Example 2.6
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X
X
R, RUO
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Figure 2.12: Mixed network with open and closed customer classes

We then calculate the total utilization due to all open classes:

UOz‘ZZUi(k), i=1,...,M.
keO

. Next, we solve the model for the closed classes. The presence of open classes, which do

not explicitly appear in the model at this stage, is taken into account indirectly. Since a
fraction of the service capacity (equal to Up;) is used to serve customers from the open
classes, the effective service demand for the closed classes must be increased accordingly.

The new total mean service demand for the closed classes is

_ D

= (k)
D"V =2
¢ 1—Up;’

i=1,...,M,
keZ.

The workstation throughputs, queue lengths, and response times for the closed classes,
calculated according to the model described in the previous subsection, are then correct.

. Finally, for the open classes we calculate the response times while taking into account the

presence of closed-class customers at the stations:

a0 _ DPI+ Nz
(c)i 1—Up;
N®  — x® k) i=1,...,M,

keO.

Here, Nz; denotes the mean number of customers of all closed classes present at station 4.
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Example 2.7

Let us return to Example 2.5, in which the model has the form of an open network, shown in
Fig. 2.10, serving two classes of customers. To these two open customer classes, with the same
parameters as in Example 2.5, let us add a third, closed class — yielding the model shown in
Fig. 2.12a — for which the mean service times and the numbers of visits to the first and second
stations are:

B® =002s, B®=002s V¥=5 v¥=4

Analyze the resulting mized network, assuming the presence of N®) =5 third-class customers.

The first step of the mixed-network algorithm, i.e. the preliminary calculations for the open
classes (Fig. 2.12b), was already carried out in Example 2.5. We therefore already know the
values of

Uoi = Ui(l) + UZ-(2) :

Uor =UD +UP =06,  Upy=UM +UP = 0.45.

We may now proceed to the second step and rescale the service demands of the closed-class
customer:

~(3)
_ D 0.08 s
—0.25 pP— 2 — 0.1455 s.

> 2 1—Upy 1—045 >

w DY 0ds
" 1-Uo 1-06

DY

We then apply the M VA algorithm to the closed network containing only the third customer
class — Fig. 2.12c.

The results of the recursive calculations

RO(N®) = DI+ NP(N® — 1)),
RE,(N®) = DY [+ NN - 1)),
XONO®) = _ N(3)(3) 7
n (V@) + R((NE)
NON®) R (N®)X® (NG,
NP((NB)) = REE))z(N(B))X(?r)(N(ii))_

for N®) =1,...,5 are shown in Table 2.3.
After determining Nz;:

Nz, = N1(3), Nzo = NQ(S)
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Figure 2.13: Model in Example 2.7
3 p(3) p(3) 3 v v 3) 3)
N® | Ry, Ry, | X9 1 2 Uy Us
1 0.2500 0.1455 | 2.5287 | 0.6322 0.3678 | 0.6322 0.3678
2 0.4080 0.1990 | 3.2949 | 1.3445 0.6555 | 0.8237 0.4793
3 0.5861 0.2408 | 3.6279 | 2.1264 0.8736 | 0.9070 0.5277
4 0.7816  0.2725 | 3.7964 | 2.9659 1.0341 | 0.9487 0.5520
5 0.9915 0.2959 | 3.8840 | 3.8508 1.1492 | 0.9710 0.5649

Table 2.3: Calculation results for the closed class in Example 2.5
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we proceed to step 3 of the algorithm and calculate

DL+ NP 0.4 % [143.8508)

Ry, = . o6 = 4.8508 ,
D _ D[+ NP 04 x[1+3.8508] L8508
OF 1—Upi 1-0.6 ' ’
A DY+ NY] 078 x [1+1.1492) 5,040
()2 1—Ups 1—0.45 ' ’
A0 _ DY+ NP 0.06 x [1+1.1492) 02345
()2 1—Uos 1—0.45 ' ‘

Hence,

= 0.5 x 4.8508 = 2.4254 ,
= 1.0 x 4.8508 = 4.8508 ,
= 0.5 x 3.0480 = 1.5240,
= 1.0 x 0.2345 = 0.2345 .

2.3 Approximate algorithms

In telecommunications network models, each customer class corresponds to a single virtual
path together with its associated window-based packet flow control mechanism, see Example
2.3. The size of the class is equal to the window size. There may be hundreds or thousands of
such paths, and the computational complexity of an exact MVA algorithm for closed networks
is, in this case, too high.

Traversing all intermediate populations between 0 and IN requires computational effort
and memory usage that grow very rapidly with the number of classes and their populations.
Therefore, approximate M VA algorithms for closed networks [14, 49, 109] avoid such a procedure

and attempt to estimate the mean value Ni(l)(N —1®)), ie. the number of customers of class
[ present at station ¢ at the moment a customer of class k arrives, on the basis of the value
Ni(l)(N ). We do not know this latter value either, but estimate it iteratively.

As a starting point (the values at iteration zero), we assume an initial distribution of cus-
tomers across the stations, Ni(k)[o], e.g. by assuming that the number N*) of customers of class

k present in the network is distributed evenly across all stations:

s _ N®

; ) i=1,...,M,

k=1,...,K,

or by assuming that the more customers there are at a station, the greater its total service
demand:
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We also assume a relationship between ]\_fi(l) (N) and ]\_fi(l) (N —10) eg.

e .
NN — 1) = NO(N) it I#k,
‘ 7i(k)(N)—7i(k) if 1=k,
where .
D
%_(k) i

:7—k
>, D

and then perform the calculations in the MVA loop based on equations (2.7)—(2.12).
The approximate M VA algorithm for closed networks therefore takes the form:

1. Set the initial conditions:

NOO) _ 0 N ), i=1,...,M,
_ K

2. Compute, in the next (jth) iteration (values obtained in the jth iteration are denoted by
the superscript [j], to distinguish them from the class index):

ANy — DM 1+ 52 NNy =4 for FIFO, LIFO, PS,
) ng) for IS;
i=1,..., M,
=1,...,K;
3. Calculate
k
x®Ul(NY) = _ N((k))[j] | k=1,...,K;
4. Calculate
NI = X PO RN i= 1. M,
=1,...,K;

5. Check whether a fixed point of the iteration has been reached, i.e. whether the values
calculated in successive iterations, REI;)}]](N ), XBUI(N), and Ni(k)[J](N ), differ by less
than a predetermined small value €. If so, the procedure terminates; otherwise, j «+ j+1

and we return to step 2.

After only one pass through steps 1-4, the results are already close to the exact values, and
practical convergence is achieved after only a few iterations j.

Example 2.8
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In a closed network consisting of two service stations (M = 2), there are N = 1000 cus-
tomers, and the mean service times are By = 0.1 and By = 0.9 time units. Using the approxi-
mate MVA method, determine the response time and the mean number of tasks present at both
stations.

For the exact M VA algorithm:

R;(1000) = B;[1 + N;(999)], i=1,2.
For the approximate algorithm:
R;(1000) =~ B;[1+ N;(1000) — 7]

B,
= B; |1+ N;(1000) — ﬁ
1 2

The value of N1(1000) is unknown. As a first approximation, we may assume N = N/M,
le.
_ - 1000
N (1000) = N (1000) = —5 - = 500,

but it is more reasonable to choose

N Hin
from which
N B N By
1000) = ——*— N = 100, 1000) = ——2_— N = 900.
( )= B + By N2 )= B + By
First iteration:
RM1000) ~ Bi[1+ N%(1000) — 7]
= 0.1 [1+100 0.1] = 10.09,
RM1000) ~ B[t + N(1000) — 7o)
= 0.9[1+ 900 — 0.9] = 810.09.
1 1
xM(1000) = 000 = 000 = 1.2192446.

RU(1000) + RW(1000)  10.09 +810.09

~NH 1000y = XxU(1000) R{Y(1000) = 1.2192446 x 10.09 = 12.302178,
NM000) = xM(1000) R (1000) = 1.2192446 x 810.09 = 987.69782.

Second iteration:

[1+ N (1000) — 4]
[1+12.302178 — 0.1] = 1.3202178,

R (1000) ~ B[l + NY(1000) — 7q]
0.9[1 + 987.69782 — 0.9] = 889.01804.

RrP(1000) ~ B
0.1
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1000 1000

X (1000) = = — 1.1231686.
(1000) R (1000) + R (1000)  1.3202178 + 889.01804

Vi2(1000) = x(1000) R (1000) = 1.1231686 x 1.3202178 = 1.4828272,

ViZ(1000) = x2(1000) R (1000) = 1.1231636 x 889.01804 = 998.51717.

Third iteration:

11+ N1(1000) — 7]
A1+ 1.4828272 — 0.1] = 0.23828272,
RE1000) ~ B[l + NP (1000) — 7q]
= 0.9[1 + 998.51717 — 0.9] = 898.75545.

2
wu]

R (1000)

I
o

1000 1000

XBl(1000) = =
(1000) R[13](1000) N Rg?’](looo) 0.23828272 + 898.75545

=1.1123424.

~NE(1000) = XBl(1000) R (1000) = 1.1123424 x 0.23828272 = 0.2650547,
NP (1000) = xB(1000) RS(1000) = 1.1123424 x 898.75545 = 999.73495.

Etc.
One can predict that

_ 1 _ _
N1 ~ 8—9 = 0.1111, Ny = 1000 — NV;.



Chapter 3

Markov simple models

3.1 Probabilistic models — introduction

From this point onward, we assume that the interarrival time between successive customers at
a station is a random variable described by the distribution A(x), and that the service time is
also a random variable described by the distribution B(z).

This assumption is realistic: apart from special cases (e.g. periodically launched control or
monitoring programs), task arrivals occur at random times, and their execution times, which
may depend on input data, can also be treated as random variables.

This is illustrated by the following example of execution time analysis for a simple program,
taken from The Art of Computer Programming [63]. The example also provides an opportunity
to review some concepts related to random variables and their distributions. A more systematic
discussion of concepts such as probability distributions, probability density functions, moments,
generating functions, and the distributions used later in this book is given in Appendix A.

Example 3.1
The following example presents an analysis of the execution time of the MAX program,
which selects the largest of n numbers randomly distributed in a one-dimensional array B. The
program, written in Pascal, is shown below.
program MAX (input, output);
label 1,2,3,4,5,6;
const n = 100;
var j,k,m: integer;
B: array [1..n] of integer;
begin
I: j:=mn; k:=n—1; m:= Bln];
2: while (k > 0) do

begin
3: if Blk] > m then
begin
4: j:=k; m:=Bk];
end;
b k=k—-1
end;

6: writeln(j,m)  end.

99
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step | number of executions | number of instructions
1 1 3

D G W
i
—_ N

Table 3.1: Number of executions of individual steps of the MAX program

The array is scanned from the end. Initially, variable m is assigned the value of the last
element B[n|. Then m is compared with the successive elements B[k|, for k = n —1,...,1.
Whenever Blk]| is greater than m, the value of B[k] is assigned to m, and the index k is stored
in variable j. In this way, after all elements have been examined, the largest value is stored in
m.

The numbered program fragments are listed in Table 3.1. Step 4 — assigning a new value
to variable m — is executed X,, times. The index n indicates that X, depends on the length
of the scanned array.

The value of X,, depends on the arrangement of the numbers in array B. Thus, X,, is a
discrete random variable taking values from the set {0,1,...,n — 1}.

In the boundary cases:

Xn=0, if Bln]= max BIk| ,
X,=n-1, if B[l]> B[2]>---> B[n].
For simplicity, we assume that all numbers are distinct, i.e. B[i] # B[j] whenever i # j.
We also assume that the arrangement of the numbers is completely random, meaning that each
permutation is equally likely.

Let py (k) denote the probability that, during the scan of the array, the current maximum
value must be updated exactly k times:

number of permutations of n elements for which X,, = k

n!

Let A denote the event that the maximum value is located in B[1], so that it is assigned to
m during the last pass through the loop. In this case, step 4 is executed and the value of X,
increases by one:

X,=X,-1+1.

Let A denote the complementary event: the maximum value has already been found earlier,
and therefore step 4 is not executed during the final iteration of the loop. In this case:

Xp=Xp1.

Clearly,

P(A)+P(A)=1.
Since each element of the array is equally likely to contain the maximum value,
n—1

P(A) = — P(A) = -
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Let us write the conditional-probability formula:
P(X,=k)=P(X,=k|APA) +P(X,=k| AP(A),

that is,
n—1

Pn(k) = pn1(k — 1) + pn-1(k)

For n = 1, step /4 is not executed, so X1 = 0, pl(O) =1, and p1(1) = 0. The above relations
allow us to compute p,, (k) recursively.
We can also determine the generating function

= pa(k)2"

k>0

(3.1)

of the random variable X,,. For n = 1, it has the form
Gy, (2) = p1(0)2° + pi(1)z = 1.

Multiplying both sides of equation (3.3) by 2*, for k = 1,2,..., and summing over k, we

obtain

o0

an(k an 1 - 1 i 1 )

k=1
that is,

z n—1
Gy, (2) = pul0) = = Gy () +—— |Gy, (2) = puea(0)]
Taking into account the known values
1 1
0 =7 and 0= o
we obtain N .
z4+n-—
GXn(Z) = GX”71< ) n (3.2)
Hence,
_z+n—1lz+n-2 z+1 _(z+n—1)(z4+n—-2)---(2+1)
G (2) = n n-1 2 G (2) = n! '
The probability distribution p, (k) can be obtained directly from G (z) (see Appendix A)
as
k) = 5 5
z=

One may also use the identity

n

2(z+1) ... (z4n—1) E:[}

k=0

to represent G (z) as

n! n!

G, ()= (z+4n—-1)(z+n—-2)---(z+1) _ 1 Zn:[n}zk_l
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p12(k)
04 A
03 A
02 -+
01 A
0 - ¥ t T ¥ l t t t T | T

Figure 3.1: Distribution of the number of executions of step 4 in the MAX program for n = 12.
The mean of this distribution is E[X1s] = Y212, 1 ~ 2.10, and the variance is var[Xjs] =

=27

2,1 -1y~ 15382,

p(l) 1(2) n(3)  pln—1) pi(n) pln + 1) puln+2)

Figure 3.2: Transition graph for M (n)/M(n)/1 queueing system.

that is,

1 n
pn(k) - ’I’L'|:k—{— 1:| .
The symbols m denote the Stirling numbers of the first kind, whose values can be found in the
relevant tables, e.g. [63].
Fig. 3.1 shows an example of the distribution of probabilities p,, (k) for n = 12.
The generating function allows us to calculate the mean value (and all other moments of
the distribution of the random variable X,,) directly:

E[Xn] = dGé(;(Z)

z=1

however, it is more convenient to use the recursive relation (3.4):

dGXn(Z) 1 z+n—1 dGXnil(Z)

dz n anl(z) n dz ’
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and therefore

dG ., (z) 1 dG, () 1
EXn:¢ = -G 1 —anl C = —+ FElX,_
[Xn] dz L o () F dz » n+ K]
that is, taking into account that E[X;] =0,
"1
E[X,] = —~lnn
i

=2

Similarly, the variance of X, can be derived without computing it directly. Note that the
generating function G (z) has the same form as the generating function of another random

variable.
Let Y% denote a Bernoulli random variable (see Appendix A) with parameter p = 1/k. Its
generating function is

1 1 k—1+z2
— 0 — —
Gy (2)=(1-p)z +pz-<1—k>+kz— k .

If W is the sum of the independent random variables Y5, Y3,...,Y,,
W=> Y,
k=2

then
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that is, X,, and W have the same distribution. Since the variables Y} are independent,

var[X Zvar Yi] = Z ’ (1 — ;) .

To summarize: the program execution time is a random variable
S =51+ 5X,,

where Sp is a constant corresponding to the execution time of steps 1+8 and 5+6, Sy is the
constant execution time of a single performance of step 4, and X,, is a random variable whose
generating function has been determined above.

|

Let us write the conditional-probability formula:
P(X,=k)=PX,=k|APA) +P(X,=k| AP(A),

that is,

pn(k) :pn—l(k - 1) % +pn—l(k) n-1 .

For n =1, step /4 is not executed, so X1 =0, p1(0) = 1, and p1(1) = 0. The above relations
allow us to compute p, (k) recursively.
We can also determine the generating function

GXn Z pn

k>0

(3.3)

of the random variable X,,. For n =1, it has the form
Gx, (2) = p1(0)2° + p1(1)z = 1.

Multiplying both sides of equation (3.3) by z*, for k = 1,2, ..., and summing over k, we

obtain
o0
an(k an 1 _1 k= 1
k=1

)

that is,
n—1

Gix, (2) = pul0) = = Gx, (1) + = [Gx, () =P 0)] -

Taking into account the known values

)= and (0=,
we obtain
Gx,(z) = Gy, (2) T (34)
Hence,

z+n—lz+n—2 z—|—1
Gx,(2) = — 1 Gx,(z) =

(z+n—-1)(z4+n—-2)---(2+1)
n! ’
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The probability distribution p, (k) can be obtained directly from Gx, (z) (see Appendix ?7?)
as
1 9*Gx,(2)
(k) = — T2 Xnl®)
Pnlk) =11~ gak

z=0
One may also use the identity

z(z+1)...(z+n—1):§mzk,

to represent Gx, (z) as

G (2) = (z+n—1)(z4+n—-2)---(24+1) :lz [”}Zkl’

n! n!

that is,
1 n
k)=— .
palk) =25 [k + 1]

The symbols [2] denote Stirling numbers of the first kind, whose values can be found in the
relevant tables, e.g. [63].

Fig. 3.1 shows an example of the distribution of probabilities p, (k) for n = 12.

The generating function allows us to calculate the mean value (and all other moments of
the distribution of the random variable X,,) directly:

_ dGXn(Z)

EXa] dz ’
z=1

however, it is more convenient to use the recursive relation (3.4):

dGx,(z) 1 z+n—1dGx, ,(2)
dz ﬁGX"*(Z) + n dz ’
and therefore
dGx, () 1 dGx, ,(2) 1
B[X,] = “2n 222Gy (1) + 2 2 L BX, ],
X = SR = e T = e

that is, taking into account that F[X;] =0,

n

1
E[X,] = ZZ ~Inn.
=2

Similarly, the variance of X, can be derived without computing it directly. Note that the
generating function Gx, (z) has the same form as the generating function of another random
variable.

Let Y3 denote a Bernoulli random variable (see Appendix A) with parameter p = 1/k. Its
generating function is

1 1 k—14=z
Gy, (2) =(1—p)2° +pz = <1k>+kz:k.
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If W is the sum of the independent random variables Y5, Y3, ..., Y},

W=> Y,
k=2
then

w() = [ n) =[] 52 = a2,
k=2 k=2

that is, X,, and W have the same distribution. Since the variables Y} are independent,

n n
1 1
var[X,] = Zvar[Yk] = Z % <1 - k) .
k=2 k=2
To summarize: the program execution time is a random variable

S =51+ 5X,,

where S is a constant corresponding to the execution time of steps 1+& and 5+6, S is the
constant execution time of a single execution of step 4, and X, is a random variable whose
generating function has been determined above.

|

For the characteristics of a service station, Kendall’s notation is used [57]: the system is
described by a sequence of symbols A/B/c/K/H/Z. The symbols placed in positions A and
B denote the types of distributions governing the interarrival times of successive customers and
the customer service times, respectively.

In particular: M denotes a Markovian (exponential) distribution, D a deterministic distri-
bution, Ej an Erlang distribution of order k, Hj a hyperexponential distribution of order k,
C a Cox distribution, and G an arbitrary distribution. (These distributions are described in
Appendix A.)

The parameter ¢ determines the number of parallel service channels, i.e. the maximum
number of customers that can be served simultaneously. The parameter K specifies the queue-
length limit: if there are already K customers at the station, subsequent arrivals are rejected.
The parameter H denotes the population size, i.e. the number of customers that may request
service. The final parameter, Z, specifies the queue discipline, e.g. FIFO, LIFO, IS, or PS.

If the source population is infinite, if there is no queue-length limit, or if the queue discipline
is the default one, then H, K, or Z is omitted from the notation, respectively.

Let us recall a few basic concepts related to the Markov processes used later in this chapter.

A stochastic process X (t) is a family of random variables defined on the same probability
space and indexed by a parameter ¢ (in our case, time). Thus, for each admissible value ¢t = t;
there is a distribution function

Fx(z,t;) = P[X(t;) < .

The values taken by the process form its state space, which may be continuous or discrete. If
the state space is discrete, the process is called a discrete-state process. Similarly, the indexing
parameter ¢ may take continuous or discrete values; in these cases we speak of continuous-time
or discrete-time processes, respectively. Discrete-time processes are called chains.
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The statistical dependence between the values of X () at different times should, in general,
be described by the joint distribution function

Fx(X;t) = FX17X27_._7XH(.%1,332,...,wn;tl,tg,...,tn)
= P[X(t1) <z1,X(t2) < wg,..., X(tn) < )

defined for all n and all admissible vectors
X:(xl,:vg,...,xn), t:(tl,tg,...,tn).

In general, this is an impossible task, so one usually introduces additional assumptions about
the process. For example, one may restrict attention to stationary processes, for which

Fx(x;t) = Fx(x;t + 1),
where
t+7':(tl—l-T,tQ—l—T,...,tn—l—T).

In what follows, we will be interested in a particular class of processes: Markov processes,
for which
PIX(t)<z|X(ty) =zp, X(tn—1) = Tp—1,..., X (to) = 0]

= P[X(t) <z | X(ty) = xy,]

forall t > t, >t,_1>...>tg.

This equation expresses the fundamental property of a Markov process: its future evolution
depends only on its current state and not on the history of how that state was reached. This
property is often called memorylessness.

In particular, we will deal with Markov chains, i.e. processes with a discrete state space and
continuous time. We will also assume homogeneous processes, for which

PIX(t) <a | X(tn) = 2]

depends only on the time difference (¢ — ¢,,) and not on the specific values of ¢ and t,,.
Let a continuous-time Markov chain take values from the set {z1,x2,...,2y,...}. If X(¢) =
x;, we say that the chain is in state 7. Let us define

Pi(t) = P[X(t) = z4] and  pii(s,u) = P[X(u) =z, | X(s) =]
For a homogeneous Markov chain,
pij(t,t+7) = pi;(7) .
For a very small time interval 7 = At, we assume that p;;(7) is approximately linear:
pij(At) = gij At
The coefficient ¢;; is called the transition rate (or transition intensity) from state i to state j.

Multiplying it by the small interval At gives the approximate probability of transition from
state ¢ to state 7 during that interval.
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The probability that the chain is in state ¢ at time ¢ + At can therefore be written as

Pi(t+At) = Y Pit)giadt+ Pi(t) [ [ — a2
3, J# J,jF#i

= ) Pi(t)guAt+ Pi(t) 1= ) g At + O(At)
3, J# J,J#
After rearranging terms, we obtain

Pi(t + At) — Py(t)
At = Pit)gi — Pit) Y aij -
J, J#4 J, J#i

qii = — Z qij-

3, J#i

Let us define

Then, in the limit as At — 0, we obtain

B > Pt (35)

In matrix notation,
‘“Zt(t) =QTP(1). (3.6)
Here, P(t) is the state-probability vector, and the matrix Q is the transition-rate matrix
(or intensity matrix), also called the infinitesimal generator.
The equations (3.5) are supplemented by the normalisation condition

> Pi(t) = 1.

In steady state, when the state probabilities do not depend on time, P(t) = P, equation
(3.6) becomes

0=Q"'P. (3.7)

The dimensions of Q and P may be finite or infinite, depending on the number of states of

the process. Note that the sum of the elements in each row of the matrix Q (or, equivalently,

each column of Q7) is equal to zero.
The time spent in any state has an exponential distribution with parameter

Ai = —Gii-

The exponential distribution is the only continuous distribution with the memoryless property,
i.e. the probability of remaining in a given state for an additional time interval ¢ does not
depend on the time ¢; already spent in that state:

)\ie—ki(tl-i-t) Aie—)\i(h-‘rt)

= =\ it .
I Netdt — e ‘ (3:8)

Therefore, the transition rate out of a state does not depend on how long the process has already
remained in that state.
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3.2 Models M(n)/M(n)/1 of systems with FIFO service

Let us assume that customers arrive at the service station at intervals that are exponentially
distributed random variables. The parameter A of this distribution depends on the number n
of customers already present in the station. The density function is

a(z) = A(n)e M7,

and the distribution function is
Alz) =1— e A2,

A process in which events occur at exponentially distributed intervals is called a Poisson process.
Let us also assume that service times are exponentially distributed, with density

b(x) = pln)e

and distribution function
B(z) =1— e 1M,

where the parameter u may also depend on the number of customers present in the station.
We denote this model by M (n)/M(n)/1 to emphasise the dependence of both A and p on
n. The model with constant parameters A and u, independent of n, is denoted by M/M/1.
If the arrival process is Poisson and the service times are exponentially distributed, then the

process
N(t),

whose value represents the number of customers in the station at time ¢, is a Markov chain.
Let
p(n.tno) = PIN(£) = n | N(0) = no].

For simplicity, we omit the initial condition in the notation.
If at time t + At there are no customers in the system, this means that at time ¢ either:

e the system was empty and no customer arrived during the interval At; the probability of
an arrival to an empty system during At is A(0)At, so the probability that no customer
arrives is

1 — X(0)At;

e or there was one customer in the system and that customer’s service was completed; the
probability of service completion during At, when there is one customer in the system, is

u(1)At.

If at time ¢ + At there are n > 1 customers in the system, then at time ¢ either:

e there were already n customers, no new customer arrived, and no customer departed; the

probability of no arrival is
1 — A(n)At,

and the probability of no departure is

1 — p(n)At;



70

CHAPTER 3. MARKOV SIMPLE MODELS

e there were n + 1 customers and one customer departed; the probability of this event is
p(n +1)At;

e there were n — 1 customers and one new customer arrived; the probability of this event is

Aln — 1)At.

Therefore,

PO+ AL = p(0,2)[1— MO)AY + p(L, (DAL,
p(n,t+At) = p(n,t)[1 —AXn)At][1 — u(n)At] + p(n+ 1, t)u(n + 1)At
+p(n —1,t)A\(n — 1)At, n > 1. (3.9)

Subtracting p(n,t) from both sides, dividing by At, and letting At — 0, we obtain

dpglt) = —p(0,£)A(0) + p(L, )u(1),
dp(;”;ﬂ = —p(n,t) \(n) + u(n)] + p(n + 1, )pa(n + 1)

+p(n—1,t)A\(n — 1), n> 1. (3.10)

In matrix notation, the matrices Q” and P have the form

—=A(0) p(1) 0 0 0 0

A0)  —p(1) = A1) 1(2) 0 0 0

Q' = 0 A1) —u(2) — A(2) ©(3) 0 0
0

0 0 A(2) —p(3) = A3) p(4)

and

PT(t) = [p(o,t) p(l,t) p(z,t) p(3,t) ] :

In steady state,
Jlim p(n,t) = p(n),

and therefore

dp(n,t)

i 0.

The differential equations become algebraic equations:

= —p(0)A
= —p(n)

(0) + p(1)u(1),
A(n) + p(n)] +p(n + 1p(n +1) + p(n — HA(n — 1),
> 1. (3.11)

Since the state of the system is uniquely determined by the number of customers present,

the state with n customers in the system will simply be called state n.

The graph in Fig. 3.2 illustrates the transitions between the states of the system according

to equations (3.11). In this process, transitions are possible only between neighbouring states:
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from state n one may move only to state n — 1 or to state n 4+ 1. This type of process is called
a birth-death process.

Equations (3.11) are equilibrium equations representing the balance of probability flows: in
steady state, the probability flow entering state n,

p(n+ Dpu(n+1) 4+ p(n—1)A(n —1),
is equal to the probability flow leaving this state,
p(n)[A(n) + p(n)].

By solving the recurrence relation (3.11) recursively, we obtain

p(1) = p(0) 2(0)

1)
o) MOA()
(Du(2)”

(3.12)

Taking into account the normalisation condition

> p(n) =
n=0

we obtain )

1+ 500, 15 ,H+1)

The condition for the existence of a steady-state solution is that the sum

p(0) =

co n—1

nle

be finite; in that case, the probability that the system is empty is positive.
By specifying the functions A(n) and p(n) in solution (3.12), we can analyse different types
of service systems, as illustrated in the following subsections.

3.2.1 System M/M/1

Let us assume that the parameters of the distributions A(x) and B(z) do not depend on the
number of customers in the queue:
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Let us denote

A
Z=o.
7
If o <1, then
oo n—1
)3 H Z ¢
n=1 i= ’u ¢ + 1
hence
and therefore
p(n) = (1—-p0)o". (3.13)
The probability that the system is busy is
P[N > 1] = o,
so o is the utilisation factor of the system:
U =op.

The mean number of customers at the station is

E[N] = Y npn)=) n(l—g)" = (1—0e) no""
0 & d o 0
= (1- "= (1-0)p—— . 3.14
@Qagnzzzlg 0)o 90l -0 12 (3.14)

In steady state, the stochastic process N(t) becomes a random variable. To emphasise that
the mean number of customers at the station is now computed as the expectation of a random
variable with a given distribution, we use the notation E[N] rather than N, which denoted a
value determined from measurements. Similarly, instead of the symbol R for the response time
(mean time spent at the station), we use the symbol E[R]. The system throughput in steady

state is
1

= B4~

The mean service time at the station, previously denoted by B, is now written as

These symbols are commonly used in the literature.
The mean number of customers at the station is the sum of the mean number of customers

waiting in the queue and the mean number of customers in service. The latter quantity has the
value

E[Ng] =0-p(0)+1-> p(n) =

and thus the mean number of customers in the queue is
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The system response time and the waiting time in the queue can be calculated using Little’s
law, introduced in the previous operational chapter, but which can also be proved within the
probabilistic model of a service station [75]. It holds under very general assumptions — in
particular for the G/G/c model, and therefore also for the M /M /1 model:

EW] = E[A] = 191“9 . (3.15)
Of course,
E[R] = E[W] + i

Note that the formulas for the mean queue length, mean number of customers in the system,
mean waiting time, and mean response time all have the factor 1 — g in the denominator, which
reflects the stability condition ¢ < 1 under which these formulas are valid. Also note the
nonlinear dependence of these quantities on the system load. The same increment Ap in the
load, when g is close to one, causes a much greater deterioration of performance than when o
is close to zero.

Distribution of the response time in the M /M/1 system:

Let fr(z) denote the density function of the random variable R, the response time at the
station, and let fg, (z) denote the density of the response time under the condition that the
arriving customer finds exactly n customers at the station. The response time is the sum of the
service times of all customers already present in the system and the service time of the arriving
customer. The density of a random variable that is the sum of independent random variables
is the convolution of the corresponding densities. Thus, fr, () is the (n + 1)-fold convolution
of the service-time density:

JR, () = bl) * b(x) - -5 b(x) = pe™ M % pe™ % - x pe”

(n+1) times (n+1) times

We apply the Laplace transform, computing

Tr(s) = /0 5 fr (2) de.

The rules and properties of this transform are recalled in Appendix B; in particular, the trans-
form of a convolution is equal to the product of the transforms of the convolved functions:

Faalo) = B = (22)"

B+ s

The Laplace transform of

fr(@) =" fr,(x)p(n)
n=0
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is

oo o] n+1
Tals) = ZfRn<s>p<n>=Z<1—g>gn( p )

n=0 n=0 'u+8
R po\"
- (1-—
( @MHZ(%H)
n=0
7 1 w—A
= (1-0) =

pts l—op/(u+s) p—A+s

Therefore, the response-time distribution is exponential with parameter p — A:
fr@) = (n=Ne WM Frp(z)=1—e W7,

The expected value of a random variable X with density fx(z) and Laplace transform f y (s)
can be calculated as

E[X] = — dfc)l;(s)

i

s=0

cf. Appendix B. Hence the mean response time is

1

=0 ,LL—)\'

E[R] = _dfCZ(S)

We now want to calculate the quantile 74,199 of the gth percentile, i.e. the value such that

q
PR < rg/100] = 100°

Since

Fp(z) =1—e Y7,

we obtain

1 (100
T = n .
Y0 (1 =) \100 — ¢

Distribution of the waiting time in the M/M/1 system:
Proceeding similarly to the definition of fr(z), let us denote by fiy, (z) the waiting-time distri-
bution in the case where the arriving customer finds n customers ahead:

d(x) itn=0,
fwo (@) = b(x) xb(x) % xb(x) = pe " 5 pe M xx pe M ifn > 1,
n times n times
that is,
1 if n =0,

fw, (s) = ( m )” o>,
s
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Hence,
fw(s) = 1-p(0)+ > fuw,(s)p(n)
n=1

= X000 ()

8

and, after inverting the transform,
fw (@) = (1= 0)d(x) + o(p — A)e™ N7,
where §(x) is the Dirac delta distribution:
0(z) =0 for z # 0, d(z) = +oo for z = 0.

The cumulative distribution function of the waiting time is therefore
x
Fu(a) = [ () du=1- e,
0

and the quantile w199 has the value

w = max< 0 1 In 1000
a/100 = "p(l—9) \100—q/ [

Output stream of the M/M/1 system:
Let d(x) denote the distribution of the time between successive customers leaving the station.
If a departing customer leaves the station busy (which happens with probability o), then
the next departure occurs after a time equal to the service time of the next customer. If the
departing customer leaves the station empty, then the time until the next departure is the sum
of the waiting time for the next arrival and that customer’s service time.
In the case of a Poisson input stream, because of the memoryless property of the exponential
distribution, the distribution of the time until the next arrival is the same as the interarrival-time
distribution A(x). Therefore,

d(x) = ob(z) + (1 — o) a(z) * b(x) . (3.16)
Substituting
a(z) = e T, b(x) = pe 1,

into (3.16), we obtain
d(z) = e,

Thus, for the M/M/1 system,
d(z) = a(z),

that is, the departure stream is again a Poisson stream with parameter A [10].
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Transient states in the M /M/1 system:

In the case where A(n) = X and u(n) = p, the system of equations (3.10) has a known solution.
Applying the Laplace transform to both sides of the system yields a system of algebraic equations
from which one can derive the transform

p(n,s)

of the probability p(n,t), whose inverse transform is [12]

n—u n—i—1
pn,t) = O g L i(at) + 0" Ly (at)
+(1—0)o Z 02 (at)| (3.17)
j=n+1i+2

where
a = 2p4/0,

and Ij(z) is the modified Bessel function of the first kind of order k:

00 )k+2m

This solution corresponds to the initial condition
p(n,0) = din,
where d;, is the Kronecker delta:
din = 1 for i =n, 0in, = 0 for @ # n,

that is, at time t = 0 there are exactly ¢ customers in the system.

As can be seen, the analysis of transient states is not easy, even in the simplest case of the
M/M/1 system. The computational difficulties become especially pronounced when the station
load is high, because values of p(n,t) for large n must then be taken into account.

Therefore, despite the existence of an exact solution, approximations are often used. For
example, one may work with the Laplace transform of the distribution p(n,t;7), obtaining
expressions in the variable s whose inversion is simpler than (3.17) [66]. Bessel functions may
also be replaced by functions that are easier to evaluate numerically [54].

If one is interested only in the evolution of the mean queue length in the nonstationary
case, this quantity may be approximated by solving a first-order differential equation [103]. An
analysis of flows in a larger computer network based on such an approximation is presented in
[31].

3.2.2 System M/M/c

If the station is fed by a Poisson stream with parameter A, has ¢ parallel service channels, and
in each channel the service time has an exponential distribution with parameter p,

b(x) = pe™ ",
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then we can use the solution (3.12), in which

nu  for n <cg,
pu(n) =
cu form >c.

The graph of transitions between system states is shown in Fig. 3.3.
The distribution of the number of customers at the station has the form

— A\" 1
H z—i—l 0)<M> i for n <e,

AMN\"1 1
p(0) () T forn>c.
7! clen=¢

p(n) =

The normalisation condition determining the value of p(0) is

c—1 n o n -1
Z A 1 Z A 11
=\w n! uw) ce

that is,
c—1 n c -
A 1 A1 1
= |1 - —_ ) -
P0) +nz_:1<u> n!+(u> 611—3#]

The condition for the existence of a steady state and the validity of the above solution is

A
<1
cp

The probability p,, that an arriving task will have to wait is the probability that there are
at least c tasks in the system:

po =3 pln) = p(0) (2) 4
= 23

This is known as the Erlang C formula.
We calculate the average queue length:

o)

EK] = ) (n—op(n)

n=c

-0 (3) ae-a ()

A
-2

The average number of tasks in service is

c—1 o'}
sl =Y np(n) + e pn) =
n=0 n=c
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The average number of tasks in the system is therefore
E[N] = E[K]|+ E[Np].
The average waiting time and response time are calculated using Little’s law:

BN

B[R] = =

The waiting-time distribution is
Cenf1-
Fy(z) =1—pue Cu(l C“)z .

In the case of an infinite number of channels, we obtain the M /M /oo model, in which

)\n
©n!

form>1.

p(n) = p(0)

The normalisation condition has the form

A1 /A2
1+24+= + .-

=1.

The series in brackets is the expansion of the function e*/#, hence

p(n) _ e—)\/u ()‘/:U’)n

form>0.
n!

The expected number of customers in this system is

MMZE)wwzz.
n=0

Using Little’s law, we formally obtain the response time

_EIN] _ 1

which is equal to the average service time.

The average waiting time in the queue is zero. This model is therefore useful for representing
pure service delay without queueing.

Example 3.2

There is one computer in the laboratory. During an 8-hour working day, it is used on
average by 10 people. A single user session lasts, on average, 30 minutes. We assume that
the number of laboratory employees is sufficiently large that successive requests can be treated
as independent and that the intervals between requests can be approximated by an exponential
distribution.

We wish to calculate the average waiting time for access to the station and to determine
how this time changes if the laboratory purchases a second identical computer.
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In the case of a single station, we use the M /M /1 model. Since

1 .
— = 30 min, f:M:%mm’ Q:i:i
I A 10 [T

we obtain
o/t % x30min

EW] = =
W] 1—p 1-2

= 50 min .

In the case of two stations, we use the M /M /2 model. From the general solution we obtain

p(0) for n =0,
A
p(n) — p(O)ﬁ for n = ].,
A n
2p(0) <2M> forn > 2,

where

-1
Chd s (2)] 2 e
Mm_'1+u+2mﬁ<%>] LA (2w)

The average waiting time is determined from Little’s law applied to the queue:

hence

After substituting the data, we obtain
E[W] ~ 3.25 min,

so the purchase of a second station reduces the waiting time by more than a factor of 15.
|

3.2.3 System M/M/1/K

Customers arrive according to a Poisson process with constant rate A. There is one service
channel with exponentially distributed service time, and the number of customers in the system
is limited to K. Whenever there are already K customers in the system, newly arriving requests
are lost:

A forn < K,
0 forn> K,

uwn) = p forn=1,...,K.
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Applying (3.12), we obtain

where

1 <A>K+1 :
m

In Fig. 3.4, we see the transition graph between the states of this system.

A A A A
H o 1 p

Figure 3.4: Transition graph of the M/M/1/K system

A

H

The finite-capacity queueing model was originally introduced to describe the operation of a
telephone exchange serving a limited population of K subscribers. In computer-system models,
it is used whenever requests are stored in a buffer of limited capacity.

The mean time required to analyse and forward a packet at the interface between two net-
works is 1/p = 2 ms. We assume that the distribution of this time is exponential. Packets
arrive according to a Poisson process with intensity A = 100 packets per second. The interface
buffer can hold at most K packets. We wish to calculate the probability that the buffer is full
and packets may be lost.

For the data

A
A=100, pu=500, ==02,
I

we calculate p(K) as a function of the buffer capacity K:

K 2 3 4 5 10 15
p(K) | 3.17-1072 | 6.39-1073 | 1.28-1073 | 2.56-10~* | 8.19-1078 | 2.62- 10~ 1!
For K = 2 we obtain
1-0.2
Hence

2
E[N]=) np(n) =0.225.
n=0
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The effective arrival rate A.g (after deducting losses) and the response time are therefore

E[N] 0225
Aep=[1—p(2)]A =0.968 X = 96.8 1/, E[R| = = = 2.33 ms.
For K = oo (infinite buffer, no losses),
0.2 E[N] 025
E[N| = =0.25 E|R| = = = 2.5 ms.
N =103 ’ Bl = =3 = T001/s e

3.2.4 System M/M/1/H

We assume that the customer population is finite and equal to H. After completing service,
each customer remains outside the queue for a time determined by an exponential distribution
with parameter A, after which it returns and requests service again. The service time has an
exponential distribution with parameter u:

An) = {/\(H—n) forn < H,

0 forn>H,
wn) = pu form>1.
Then
n—1 .
MNH — 1) <)\)n H!

p(n) = p(0 —=p0) - ) ———, 3.18

m=r0 [I*==2 =20 (3) = (318)
where

p(0) = [Z <2>n (Hfi'n),] . (3.19)

n=0

Fig. 3.5 shows the transitions between the states of this system.
~1)

oA (H-1)A (H-2)A 2A A
o olo)
H H H I

Figure 3.5: Transitions between the states of the M /M/1//H system

1o

The M /M /1/H model is known in queueing theory as the machine-repair model: customers
represent working machines, their time spent outside the queue is the time of trouble-free
operation of the machine, the service station is a repair workshop, and the service time is the
repair time.
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Historically, this was the first queueing model used to analyse a computer system. A.L.
Sherr [111] only changed the interpretation of the model: customers became active terminals
generating transactions, and the service station became a computer system viewed as a whole.
The results — the system load and its response time as a function of the number of users
H — were sufficiently close to measurements (“It is surprising how many features that seem
important for the operation of a real time-sharing computer system can be omitted in this
model, which nevertheless correctly predicts the average response time of the system,” wrote
Sherr). This initiated the development and use of queueing models in the analysis of computer
systems.

Four workstations form a local network. Fach station runs independent programs, commu-
nicating occasionally with other stations. The local network is of the slotted ring type, which
means that the communication bandwidth is divided equally among all stations that are trans-
maitting messages at a given moment.

Let us assume that the interval between the end of one transmission and the beginning of
the next transmission has an exponential distribution with mean E[B1] = 50 ms.

The nominal bandwidth of the network is 10 Mbit/s, but protocol overhead reduces the effec-
tive bandwidth to 800 Kbit/s. The transmission time of a message can be approximated by an
exponential distribution; the average message length is 1000 bytes.

What is the average message transmission time? What is the probability that at least two
stations send messages simultaneously?

The average transmission time of a single message is

1000 x 8
E[BQ] = m s = 10 ms.

Let the number of stations transmitting messages at a given moment determine the state of
the Markov-process model. The model parameters are

1 1
=201/s, = ——— =1001/s.

Since the transmission time is proportional to the number of transmitting stations, the
probability of completing one of the ongoing transmissions does not depend on their number.
Therefore, we use the M/M/1/4 model rather than the M/M/4/4 model.

According to (3.19) and (3.18), we obtain:

n 0 1 2 3 4
p(n) | 0.3983 0.3187 0.1912 0.0765 0.0153

The conditional probability that exactly i = 1,...,4 stations are transmitting, given that
the network is active, is
p(9)

=T ,0

Hence the average message transmission time is

P'(@)

4
E[B] = E[By] Y np/(n) = E[B,] x 1.6088 ~ 16.09 ms.

n=1
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The probability that at least two stations are transmitting simultaneously is

4
P(n>2)=) p(n)=0283.

n=2

3.2.5 System M/M/c/K/H

Let us now consider a combination of the previous models: there are ¢ service channels, the
number of customers in the system is limited to K, and the size of the finite customer population
is H. We assume that

H>K >c.
Then
_ AMH—-n) for0<n<K-1,
An) = {O forn> K,
_ nu for 0 <n <c,
pin) = {c,u forn>c.

Fig. 3.6 shows the states of this system and the transitions between them.

Leéé

Figure 3.6: Transitions between the states of the M/M/c/K/H system, H > K > ¢

—DX (H=c+DA (H=c)A (H—c—1)X (H-K+1)A

?

cu CiL CiL

Substituting the above expressions for A(n) and p(n) into solution (3.12), we obtain

p(n) —p<o>ﬁw o0 (2) (1) mrosnse-n,

-y G+ Dp p) \n
and
c—1 N n—1
B MNH —1) ANH —1)
p(n) - p( )120 (Z+ 1>M Zl;[c i
n |

= p(0) ()\ <H> n—' c" forc<n< K.

,u n ) c

As usual, the expression defining p(0) is obtained from the normalisation condition.
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H I

Figure 3.7: Transition graph between the states of the Fy/M/1 system

)\l(lfﬂl) )\l(lffll)

M (g N
o ’
/1,

Rysunek 3.8: Graf przejsé miedzy stanami systemu Cy /M /1

Figure 3.8: Transition graph between the states of the Co/M /1 system

3.3 Models deviating from the M (n)/M(n)/1 scheme

Figures 3.7 and 3.8 show transitions between the states of a station whose service-time distri-
bution is not exponential, but Erlang or Cox. The state is described by the pair (n, f), where
n is the number of tasks in the station and f is the phase of service of the currently executed
task.

Figures 3.9 and 3.10 show the transitions between the states of a station for which the
interarrival-time distribution is Erlang or Cox. In this case, the state is described by the pair
(f,n).

The equations that can be written on the basis of these diagrams do not have, as in the case
of the M(n)/M(n)/1 station, an analytical solution in the form of a closed formula for p(n).
They must therefore be solved numerically.
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Figure 3.9: Transition graph between the states of the M/F5/1 system

g1 (1 —aq) p1(l—aq) p1 (1 —aq)

Figure 3.10: Transition graph between the states of the M/Cy/1 system
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Chapter 4

Markov network models

4.1 Open queues

Let us assume that a queueing network consists of M stations. The service time at station 4,
i=1,..., M, follows an exponential distribution with parameter p;(n;), where n; is the number
of customers present at that station. All stations use natural queueing discipline.
The route of customers through the network is determined by the transition probability
matrix
R = [rij]

% M,
J

1,...,
1. M

where r;; denotes the probability that, after being served at station 4, a customer proceeds to

station j.
The vector
ro = [T01,~~-7TOM]

defines the probabilities ry; that a customer entering the network will first arrive at station 1.

The probability
M
rio =1 — Z Tij
j=1

is the probability that, after service at station i, the customer permanently leaves the network.
The external arrival stream is Poisson with parameter A, which depends on the number

M
N = an
i=1
of requests already present in the network, i.e.
A= A(N).
The state of the network is defined by the vector
n(t) = [ni(t),...,nam(t)].

Let us introduce the following notation for states neighbouring state n.
State
nit = N1, ...,nj—1,n5 + 1,nj41,...,np

87
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is the state in which, relative to state m, there is one more customer at station j, while all
remaining stations contain the same number of customers.

State

' =ni,...,nj—1,n; — 1L,njp, ..., nul

is the state in which, relative to state m, there is one fewer customer at station j, while all

remaining stations contain the same number of customers.
State
i
n T =g,y ng Ly nien, g — 1L, o)

is the state in which, relative to state m, there is one more customer at station j, one fewer
customer at station 4, and the same number of customers at all remaining stations.

As in the case of a single station, we can write the equation describing the probability of
state n at time ¢t + At:

M
p(n,t+At) = p(n,t)[1- H [1— pj(ny) At](1 —7j5)}

M
+ Zp(nj+, t),uj (nj + 1)7“]'0At

7=1
M
+ Zp(nj_, AN — 1)rg; At
j=1
M M
+ Z Zp(anr,if, t)uj (le + 1)TjiAt .
i=1 j=1
J#i

This is an infinite system of equations, since the number of possible states n is infinite.

The terms on the right-hand side, written in successive lines, correspond to the following
possibilities of reaching state n at time ¢ + At:

e at time ¢ the network was already in state n and nothing changed: no customer arrived,
no service was completed at any station, or service was completed and the customer
immediately returned to the same station;

e at time ¢ the network was in state n/*, j = 1,..., M, and during At the service of a
customer at station j ended and that customer left the network;

e at time ¢ the network was in state n/=, j = 1,..., M, and during At one customer entered
the network and proceeded to station j;

e at time ¢ the network was in state n/t~, j=1,... ,M,i=1,...,M, i # j, and during
At service at station j ended and the customer moved to station .
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If a steady state exists, then from the above equations we obtain the system

M
0 = —p(n) A(N)JrZuj(nj)(l—Tjj)
” M

M
+> p(nd )i (ng + Drjo + Y p(n " )AN — Ly,
= j=1

M M
+3 > (I ) i(ng + Drji.
i=1 j=1
i

After a minor rearrangement, this can be written as

M
0 = —p(n) |AN)+ D p(n;)
j=1

M

M
+> pm M) i(ng + Drjo+ Y p(nd AN — D,
j=1 i=1

M M
D I ) (ng + D)y (4.1)
i=1 j=1

The transitions between states described by equations (4.1) are illustrated in Fig. 4.1.
System (4.1) has the following solution [52]:

pn) = £ ANV (). (4.2

where

N-1
AN) = ] rm),
m=0

The elements of the vector

are the solutions of the traffic equations
M
Vi=roi+ > Vi, i=1,...,M. (4.3)
j=1

Here, V; is the mean number of visits that a customer, once it has entered the network, makes
to station 7.
The normalisation constant G is

G = i H(N)A(N), (4.4)
=0
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n''
v (nar 4+ L)raro | (nn 4 o

A(N)

pr () (L—riy)

peag (mas ) (1 — rasar)

g (g + 1)ran

;f.l(nl 4+ Lria (MM ('H-M + 1)rar 1

. n:\f+,(:\-f—l}—

Figure 4.1: Ways of entering and leaving state described by equations (4.1)
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Figure 4.2: Two-node open network in Example 4.1

where

HN)= Y  V(n).

n: Zfi1 n;=N

A condition for the existence of a steady state is that the normalisation constant G be finite,
i.e. that the series in equation (4.4) converge.

The correctness of solution (4.2) can be verified by substituting it into equations (4.1) and
obtaining an identity.

Example 4.1

Let us use the above formulas to determine the state probabilities of the following system.
The network in Fig. 4.2 consists of two service stations (M = 2), fed by a Poisson stream of
customers with constant parameter A\(N) = X. All external arrivals go first to station 1, so
that ror = 1 and ro2 = 0. The parameters of the exponential service-time distributions at both
stations are constant: p1(n1) = p1 and pe(ng) = pa. The transition probability matriz has the

form:
i o riz || 0 7o
R_[?m 7“22]_[1 0 ]
The state of the network is defined by the vector

n = [nlanQ]a

and the total number of customers in the network is

N =nq + no.
We solve the traffic equations:
Vi = roir+Virnn + Varar,
Vo = rog+ Virig + Vareg

that is, for the given matrix R,

Vi=1+4+Vy, Vo =Viria,
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which gives
1 12
, Vo = )
1-— T12 2 1-— r12
Since the parameters A, 1, and uo are constants, the throughput of the network and of the
individual stations does not depend on the state of the network. The total network throughput

is A, while the throughputs of the two stations are

.Vi:

A=V, Ay =TV

- () ()
AN) = AN = pmne
VmAN) = <”) <VA) e

We then calculate

H1 H2
where N
Pi = = ’ 1= 172
Hi
Next,
N
H(N) = ZV(nl,N—TLl)
n1=0
SONON
n1=0 i H2
and

n1=0
N N—nq
- Z( ;) ( ;)
0
— pnle ni
1
n2 _
;Op nzzop 1—P11—PQ

The last transformation is valid provided that
p <1 and p2 < 1.

This is the condition for the existence of a steady state in the network under consideration.
The state probabilities are therefore given by

p(ni,n2) = pi* (1 — p1) p5>(1 = p2) ,
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where

pi = —
Hi

is the utilisation factor of station 4, ¢ = 1, 2.

Thus, the joint probability that there are n; customers at the first station and ns customers
at the second station can be written as the product of the probabilities for the two stations
treated independently, each fed by a Poisson arrival stream with parameters A\; and Ay obtained

from the traffic equations.
|

Similarly, for a network of M stations with arbitrary topology, we obtain

p(”la"'? Hp 1_Pz ) (45)

provided that A(N) = X and p;(n;) = p; for all stations, and also provided that
pi <1, i=1,...,M.

It should be noted that, in a network where customers may visit stations multiple times,
the arrival and departure processes at the stations are generally not Poissonian, even though
the form of solution (4.5) might suggest otherwise.

4.2 Closed networks

Let us assume, as before, that there are M stations in the network. The number N of customers
is constant: no customer enters the network,

and no customer leaves it,
Tion, izl,...,M.

The state of the network is determined by the same vector n, and equations (4.1) now take

the form .
Z i(nj) + EZp (N Y (g + )i (4.6)

=1 j=1

The number of these equations, equal to the number of network states, is finite and equals

M+ N-1
M—-1 '
For example, with 10 stations and 10 customers, this gives more than 92,000 states.
The solution of equations (4.6) is given by [41]

p(n) = ZV(n), (4.7)
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where

G(N) = HN)= Y V(n). (4.8)

nzf‘il n;=N

Since in the traffic equations (4.3) the free term ro; = 0 for all stations ¢, these equations
have infinitely many solutions. The choice of the solution vector V is theoretically irrelevant,
because any scaling factor applied to it appears with the same total power in the numerator
and denominator of expression (4.7), so the value of p(n) does not depend on that factor.

In practice, however, an inappropriate choice of the solution vector V' may lead to numerical
difficulties. Therefore, algorithms for calculating the normalisation constant take into account
the possibility of rescaling the vector V' during the computation.

4.2.1 Convolution algorithm for calculating the normalisation constant

Direct calculation of the normalisation constant by summing the terms V' (n) would be numer-
ically very inefficient. Therefore, Buzen’s algorithm [11] is used; it computes the constant G
recursively.

Let us write G = G(M,N) to emphasise that the value of the normalisation constant
depends on the number of stations and the number of customers in the network. From the
product form of the solution (4.7)—(4.8), it follows that the constant G(M, N) can be expressed
in terms of the normalisation constant for a network containing one fewer station:

Uz

al V;
GM,N)=> " |G(M-1,N-n) [] u'(;n) ,
n;=0 v

m=1

where G_; denotes the normalisation constant for the network obtained by removing an arbi-
trarily chosen station 3.
Let (*) denote the vector convolution operation. If

a:[CLO)alr"uCLRL b:[boubla"',bR])

and vector ¢ is their convolution,
c= a@b,
then
c= [607617 .. ‘7CR]7

and its components are given by
i
C; = E ajbi_j.
J=0

Let us denote
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and introduce the (N + 1)-dimensional vector
Li = [7i(0),%(1), ..., % (N)]. (4.9)
We then define the following sequence of (N + 1)-dimensional vectors:

Gy = [1,0,...,0],
Gi = Gi,1®FiZF1©F2©"-®Fi. (4.10)

Let G;(r) denote the (r + 1)st element of the vector G;. Note that this is the normalisation
constant for a network consisting of ¢ stations and containing r customers:

Gi(r) = G(i,r).

The constant G(M, N) we seek is the last element of the last vector computed, namely the
Nth element of G

G(M,N) = G (N).

The above procedure for computing the normalisation constant is called the convolution
algorithm.

An additional advantage is that, besides reducing the computational effort required to de-
termine the constant G, it also allows us to determine the marginal queue-length distributions
at individual stations without first computing the full state probabilities p(n).

For any chosen station M in the network, we have

pu(n) = Y pn)

- Z G(J\;,N)% (n1)y2(n2) - - - var(n)
Cm Z Y1(n1)v2(n2) - ym—1(np—1)
’ M ni=N-n
= mG—M(M—l,N—n) ,

from which we can calculate the utilisation factor and the mean number of jobs:

omv = 1—pu(0),
N
Elny] = Y napm(ny)

nyr=0
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rin=p

-G

Figure 4.3: Two-node closed network in Example 4.2

re=1-p

as well as the throughput of station M:

M=

v = par(n)par (n)

3
Il
—

G_M(M - 1,N - n)
G(M, N)

I
M=

e () puar (1)
1

3
Il

G_y(M —1,N —n)
G(M, N)

I
WE

’}/M(TL — 1)VM
1

n VM N
— W;G_M(M— 1,N —n)yy(n—1)
G(M,N —1)
- G(M,N)

Let us calculate the marginal distributions in a closed network containing two stations (M =
2) with fived parameters pi(n1) = p1 and pa(ng) = pa, in which 3 customers (N = 3) circulate.
The transition probability matriz has the form, cf. Fig. 4.3:

Tl T12 p 1—p
R= = .
[ T2l T22 } [ 1 0 ]
From the infinitely many solutions of the traffic equations

Vi = Vip+Va,

let us choose the solution
V1 =1 ; V2 =1- p.

According to (4.7), the probabilities of states in the network are

p(n) = éV(n) = G(;, 3 Y1(n1)y2(ne) = G(;,?)) <Lfi> 1 (Zi) 2 . (4.11)
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We form the vectors

Ly = [7(0),m(1),7(2),13)]
AN
A ) -G |

r, = [72(0),72(1),’72(2)772@]

Since G; =T'1, we have

G1(0) =m(0),  Gi(1)=n(@1), Gi(2)=mn(2), Gi(3)=n(0).
Next, we calculate

Gy =T M2 = [G2(0), G2(1), G2(2), G2(3)]

where
Go(0) = 1,
V; \%
G2(1) = 71_"72’
YA )
vi\? WV Va\?
Go(2) = (1) +12+(2) :
M1 H1 12 K2

Vi\® Vi\2 Ve Vi (V)2 Va\?
oo = () () () ()
M1 H1 2 H1 \ 12 2

For the second station, the distribution of the number of customers is

p0) = OGS ) =DE
)= @G O =g
Tts throughput has the value

To determine p;(n1), we change the order of the calculations; now the first station is treated
as the last one:

G Iy,
G> Lol
and then obtain (3 or (2
p1(0) = VI(O)G;EB; ; pi(l) = 71(1)(;;23; ;
p1(2) = 71(2)2:8; ; pi(3) = 71(3)2:8; :
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The throughput of the first station is

Let us discuss, using a simple example, the technique of network aggregation: a portion
of the network is replaced by a single node with a service rate p(n) selected such that, depend-
ing on the number of tasks in the queue, its throughput is the same as that of the subnetwork
it replaces. We therefore calculate the throughput of the subnetwork A(n) as a function of the
number of tasks it contains and assume p(n) = A\(n). This substitution is imperceptible to the
rest of the network. This procedure does not introduce any error in the case of the Markov
networks discussed in this chapter.

Fig. 4.4a illustrates the model under consideration. Let us assume that the average service
times are S1 = 10 ms, So = 100 ms, and S3 = 25 ms, and that the service time distributions
are exponential with parameters p; = 1/S;, 1 = 1,2,3. The transition probabilities have values
rio = 0.2 and r13 = 0.8. Using the aggregation technique, we wish to examine the utilisation
of the central processing unit o1 as a function of the level of multiprogramming (the number of
clients in the network), N.

We replace stations 2 and 3 with a single service station having the same throughput as the
subnetwork they form — Fig. 4.4b. To this end, we first determine the throughput A(n) of the
selected subnetwork, treated independently of the whole network (n is the number of clients in
that subnetwork). With the configuration shown in the figure, the throughput A(n) is equal to
the sum of the throughputs of stations 2 and 3:

A(n) = A2(n) + Az(n),
which we calculate as
No(n) = p20a(n) = 2 [L = p(O,m)|  and  Ng(n) = psos(n) = s [1 = p(n, 0)],

where p(0,n) and p(n, 0) are, respectively, the probabilities that station 2 is empty or station 3 is
empty, calculated according to formulas (4.7) and (4.8) for the subnetwork under consideration,
viewed as an independent closed network:

o= (2 e () ()

The visit counts V5 and V3, as always in a closed network, are not uniquely determined;
we only know that — in accordance with the ratio ri2/r13 — the proportion Vo/Vs = 1/4. To
simplify the calculations, let us choose Vo = 10 and V3 = 40, so that

Vo Vi oo 1
M2 3 '

We calculate, for successive values of n — the number of customers in the subnetwork:
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Figure 4.4: Subnetwork aggregation in Example 4.3
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en=1 0 1 1 0
o= (5) () () (5 1012
2 H3 H2 M3
ie.
p(0,1) = p(1,0) = 0.5.
o n=2
0 2 1 1 2 0
o= (3 1+ (2 (' (2 () o
fh2 13 ) 3 2 s
that is,

p(0.2) =p(2,0) = 1.

e Similarly, for any n:

G(n)=n+1,
that is,
1
0 = ,0) = )
The utilisations of the stations are therefore
1 n
oo(n) = os(n) =1— -~ =~

and the throughput of the subnetwork is

n 1 1 n 1
(n) = ea(n)pz + e3(n)s = ——— ( s s> n+1s

We now return to the basic network, consisting of a central unit and an aggregated station
— Fig. 4.4c. Both stations have exponential service time distributions, where

n 1
n+1s

1
p1 = 100 3 pa(n) = 50

We calculate the state probabilities in this network according to formula (4.7):

(n n)—1<vl>m Vi Va
PAm, T G(n1 +ng) \ 1 pa(l)  pa(ng)

Let us denote v v
4 4

ya(n) = —— . —1_ =2 (n+1),

) =0 a2

and let us calculate, for various values of N = nq +ny4, the number of customers in the network:
e N=1:
Vi

G(l)zm+v4(1):1+2(1+1):5.

G(2)=G1)+n(2)=5+2%2+1) =17.
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G(3) =G(2) +74(3) =17+ 23(3 + 1) = 49.

G(n) = G(n—1) +y(n) =n2"T 4 1.
The utilisation of the central unit with IV clients present in the network is therefore

) _GIN-1)

The values of the normalisation constant and the CPU utilisation g1 for N = 1,2,3,4 are
as follows:

o N =1: )
G(1) =5, 91(1):5202

e N=2 5

G@) =17, oi(2) = 37 = 02941,
* N=3 17

G(3) =19, a(3) = 55 = 0.3169.
« N=d 49

G4) =129,  o01(4) = — — 0.3798.
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Chapter 5

General Product Form Model

5.1 Product-Form Solutions and Local Equilibrium

Let us recall the description of a single service station with an exponential distribution of
interarrival times and an exponential distribution of service times. Equations (3.11) represent
the probability balance for state n:

0 = —p)A(n) +pn)] +p(n+Dp(n+1) +
p(n—DA(n—-1), n>0,

illustrated in Fig. 3.2. This equation represents the global balance of probabilities: it takes into
account all possibilities of entering and leaving state n. The above equation can be decomposed
into two equations:

= —p(m)u(n) +p(n—1A(n—1),
0 = —pn)A(n)+pn+un+1), n>0,

which balance the probability flows between neighbouring states, across the dashed partitions
marked in Fig. 5.1.

Similarly, for the networks considered in the previous chapter, both open and closed, one
can distinguish between global and local equilibrium. Figure 4.1 illustrates all paths leading
into state m and out of that state. All these possibilities are taken into account in equations
(4.1), which represent the global equilibrium balance and which can be decomposed into a larger
number of simpler local equilibrium equations. These represent the balance of probabilities for
entering and leaving a state associated with the arrival and departure of the same customer at
a single station, while the other customers in the network remain stationary.

Let us examine global and local balance equations using the example of the simple network
shown in Fig. 5.2.

All states of this network are shown in Fig. 5.3, and the global equilibrium equations are
listed below.

103
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Figure 5.1: Balance of probability flows between neighbouring states of a system with exponen-
tial service times and a Poisson arrival stream

by(x) = pye M* bo(x) = poe #27 by () = pge #3%

Figure 5.2: A simple closed network in local equilibrium

= —p(2,0,0)p1 +p(1,0,1)p3,
= —p(0,2,0)u2 +p(1,1,0)p1 ,
= —p(0,0,2)u3 +p(0,1, 1)z,
= —p(1,1,0)(p1 + p2) +p(2,0,0)u1 + p(0,1,1) 3
= —p(1,0,1)(p1 + p3) + p(0,0,2)p3 + p(1,1,0) o
= —p(0,1,1) (2 + 1) + p(1,0, 1)paa + p(0, 2,0z

o O O o o O
|

AN N N S S

oo e s o s

(=2 A S S N

— — — — ~— ~—

The above six equations are not independent, because the sum of all probabilities is fixed.
One of the equations is therefore linearly dependent on the others. It is replaced by the nor-
malisation condition stating that the sum of the state probabilities is equal to one.

Equations (5.1)—(5.3) are simultaneously local and global equilibrium equations. Equations
(5.4)—(5.6) are global equilibrium equations only. For example, equation (5.4) can be decom-
posed into

0= p(oa ]-a 1),“3 - p(lv 17 O)Ml )

which balances the probability flows associated with the departure of a customer from the first
station and the arrival of that customer at the third station, and

0= —p(l, 1, 0):“2 +p(27070)/‘1 )
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Figure 5.3: State-transition diagram

which balances the probability flows associated with the departure of a customer from the
second station and the arrival of that customer at the first station.

From the local equilibrium equations, we can select five independent equations, supplement
them with the normalisation condition, and obtain the same solution as from the global balance
equations.

However, networks that remain in local equilibrium have a product-form solution, which,
according to formulas (4.7) and (4.8), can be written immediately as

p(n) = p(ni,ng,n3) = éV(m,nz,ng) = é < ! )"1 < ! >"2 ( ! )na , (5.7)

m fi2 13
where

G(N) = > V(na,ng,ng)

’I’L:Zf’:lni:2
1 2 1 2 1 2
SONOND
231 M2 H3
() G+ ) o)+ ) )
+{—= )= )+l=)(=)+(=)(—])-
251 12 251 M3 M2 13
5.2 Some Station Types in Local Equilibrium

Among Markov models represented as networks of states, there is a class of models whose states
remain not only in global equilibrium, but also in local equilibrium, which implies the existence
of a solution to the balance equations in the form

| M
p(n) = G [ri(ni), (5.8)
i1
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where the form of the function h;(n;) depends only on the nature of station i.

Networks having a solution of the form (5.8) are called decomposable (separable) networks
or networks with a product-form solution. This class of models includes the queueing systems
discussed previously with Poisson arrival streams and exponential service times, as well as
networks built from such stations.

Below, we introduce other types of stations that maintain local equilibrium and therefore
can be combined into a network with a product-form solution. For the remaining Markov
models, which do not satisfy the local equilibrium condition, the global balance equations must
be solved numerically.

Four types of stations that remain in local equilibrium, selected from a larger set of the-
oretically possible stations [89], were incorporated into the BCMP model, the most general
classical analytical queueing model with a product-form solution. The model name comes from
the initials of its creators: Baskett, Chandy, Muntz, and Palacios [6].

Since the stations described below form part of the network discussed in the following
subsection, we now introduce the station index 7 into the formulas, referring to station ¢ in the
network. We assume that all stations serve K classes of customers, and the superscript k in all
notation refers to the k-th customer class.

(i) FIFO station with a first-in-first-out service discipline. Customers served at this station
belong to K classes, but all classes have identical service-time distributions, characterised by the
parameter Mgk) =u;, k=1,..., K. Customer class membership determines only the subsequent
path of the customer through the network.

The state of the station is defined by the vector

v = [ki1, ki2, . . ., kin,],

where n; is the number of customers at station i, and k;; is the class of the j-th customer in
the queue.

In the remaining types of stations, the service time follows a Cox distribution, which may
differ for each customer class. The Cox distribution, discussed in more detail in Appendix 77,
consists of an arbitrary number F' of exponential phases, of which the first is always mandatory,
while each subsequent phase occurs with a probability determined by the distribution parame-
ters. Phase F'is always the final phase. Using the Cox distribution, one can approximate almost
any service-time distribution, which is why it is referred to as a quasi-general distribution.

Let us introduce the following notation:

Fi(k) — the maximum number of phases of the Cox distribution at station i when serving

customers of class k,
(k)

if — the exponential service-rate parameter of phase f when serving a class-k customer
at station ¢,
agf) — the probability that, after completion of phase f of service for a class-k customer at

station i, service continues to the next phase,
Agl;) = H;-c:l ag-c) — the probability that there will be more than f service phases for the
customer,

bgf) =1- agf) — the probability that phase f is the final phase of service.

Stations with Coxian service-time distributions remain in local equilibrium only if customer
service begins immediately upon arrival. Therefore, the remaining queueing disciplines in the
BCMP model are:
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(ii) IS-type station (see p. 37), having a sufficient number of identical parallel service chan-
nels to serve all customers simultaneously. Customers of class k are served with service-time
distribution Bfk) (z).

The state of this station is determined by the vector

v; = [1/2(1),1/52),. ,I/Z(»K)],
where ng) is the vector
ng) [v z(f),yl(z),...,yf;j(k)}.
Here, Vi(;f) denotes the number of class-k customers currently in service phase f.
Assuming that customers of class k, £k = 1,2,..., K, arrive at the station according to

a Poisson process with rate /\(k)( (k )), where nz(k) is the number of customers of that class
currently at the station, the global equllibrium equation for state v, takes the form

K e Fi(k)
k k k k
0 = —p(v;) ZAE )(nz( ))+ZZVZ‘(f)'U’z(‘f)
k=1 k=1 f=1
3 (n ) AP -1+
k=1
K FP -1
Yy p(ylf(k)ﬂfﬂl(k)—) B + )P +
k=1 f=1
K FW
300w (e ) 0+ D} (5.9)
k=1 f=1

We use notation analogous to that introduced in the previous chapter: VZ (k)+

(k )+, [f+1] (k) -

denotes the

vector v; in which component Vi ) has been increased by one, and v; denotes the
(k)

vector v; in which u( ) has been 1ncreased by one and v, i 1 has been decreased by one.
The first term on the right-hand side of equation (5. 9) represents the probability flow out of
state v;. The state may change because a new customer of any class arrives, which contributes

the factor
K
S AP (M)
k=1

or because some service phase of some customer completes, which contributes the factor

F)

Z Z VZf “zf

k=1 f=1

The remaining terms represent the probability flow into state v; due to the following events:
(a) there was one fewer customer in the first service phase, and a new customer of the
appropriate class arrived,
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(b) there was one more customer in phase f and one fewer customer in phase f + 1 of the
same class; service in phase f completed and continued in the next phase,

(c) there was one more customer in phase f; service of a customer of this class completed
in phase f, and that phase was the final service phase.

Of course, all components of the state vectors must remain non-negative.

The local equilibrium equation for state v; associated with the departure and arrival of a
class-k customer in service phase f takes the form

0= —pwr uy + AX AP @ —10pe!®7y =1, B, (5.10)

where, by convention, Agg) =1

The solution of equation (5.9) or (5.10), as well as the analogous equations for the remaining
three station types, is given in equations (5.12).

(iii) PS-type station, whose processing capacity is shared equally among all customers. The
state vector v; is defined in the same way as for the 1.5 station.

(iv) LIFO queue with a service discipline giving priority to the most recently arrived cus-
tomer. When a new customer arrives, the current service is interrupted and later resumed from
the point of interruption, after all customers that arrived later have completed service. In this
case,

vi = [(kit, fir), - -5 (Kings fing)],

where the pair (k;;, fij) describes the class and current service phase of the j-th customer in
the LIFO stack.

Example 5.1 Example 5.1

A closed network contains two stations: station 1 is of type IS, and station 2 is of type PS
— see Fig. 5.4. Two customer classes, with populations NV and N® | circulate within the
network.

The routing probabilities are as follows:
(1) + 7ﬁ)(l) -1

712 )

(2)(2) (2)(2) ™ _q
1

_ _ .
iz = =T =T )
that is, customers do not change class when moving between stations.

A fraction of class-1 customers, after being served at station 1, immediately return to the
same station. Service times are exponentially distributed with parameters

N R

Let us write the global and local equilibrium equations.
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stanowisko 2, tvp PS

(L)1) (2)(2)
Tﬁlu =1 'r_)]_ -1

stanowisko 1, typ IS

(2)(2)
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(1)!1!
o
MONEY
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Figure 5.4: Model from Example 5.1
Global equilibrium balance:
1 @ 1) (2 (1, (1) (2),(2) ngl) (1) ”g) (2)
0 = p(nl ;N 75Ny 75 Ny ) ny 'y +ny iy +WM2 +WM2
Ny + Ny Ny~ + Ny
L
1
o = 1,0, D 1, L

)~ b
ns) 4+ n$? +1
+p(nt” + 1,0 n” = 1nf?) ! + DpfVriy

2+ 1,002~ (0 + 1

( )41 (2)

nD 4@ 11

The local equilibrium equation associated with the departure and arrival of a class-1 cus-
tomer at station 1 is

+ (ngl),ng ) _ 1,n§1),n§2) +1)

0 = .2 P D
e
1 2 1 +1 1
+p<”§)—17”§) ()‘1‘1 ())Wué)
+ny’ +1

02,29 DO

The local equilibrium equation associated with the departure and arrival of a class-2 cus-

tomer at station 1 is
0 = ool )

1 . (2 1 . (2 ny) +1 (2)
+p(ny’,ny” —1,ny’,ny” + 1)—(1) @M
ny +ny +1
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The local equilibrium equation associated with the departure and arrival of a class-1 cus-

tomer at station 2 is
1 @2 1) (2 ”gl) (1)
0 = —p(ny ,ny” ny " ny )Wﬂz
Ny " + Ny
1 2) (1 2 1 1) (1)
+ o + 1,0, 08 — 1,08 (0l + D)

The local equilibrium equation associated with the departure and arrival of a class-2 cus-

tomer at station 2 is

(2)
1 2 1 2 n 2
0 = —p(ng)mg),né)»né)) (1)2 (Z)Mg)
Ny~ + Ny

oo 18 2~ 1 1P

5.3 BCMP Model

5.3.1 Model Definition and Form of the Solution

The BCMP model takes the form of a network of arbitrary topology, comprising a finite number
M of stations of the four types described above. Customers are grouped into a finite number
K of classes and may change class when moving between stations. The paths of customers
through the network are determined by the probability matrix R = [Tg?)(l)]; rgf)(l) denotes the
probability that a customer of class k, upon leaving station ¢, moves to station j and becomes
a customer of class [.

The pairs (i, k), where i is the station number and k is the customer class, define the states

of the Markov chain associated with customer movements through the network. This chain is

decomposable into m subchains. Let E1, Es, ..., E,, denote the sets of states of these subchains,
and let
k
NE)= Y o
(i,k‘)EEj

The network may be mixed, i.e. closed for certain customer classes and open for the re-
maining classes. Of course, a network that is closed or open for all classes is a special case of a
mixed network.

Two types of external traffic are possible:

(a) a Poisson stream with parameter A(NN), where N is the total number of customers in

the network. A customer arriving at the network chooses station ¢ and class k with probability
(k)
re s

i
(b) there are m Poisson streams corresponding to the m subchains mentioned above. The

parameter of the jth stream is a function of the number of customers in subchain j, namely
Aj(N(Ej)). Each subchain has its own distribution rgk) for the choice of station 7 and class k,

with
Z rgk) =1
(’i,k)EEj
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The solution for the network defined in this way is given in [6]:

1 M
o) = = do) [ fitw)
=1

where G is the normalisation const
network, and f;(v;) depends on the

(5.11)

ant, d(v) is a function of the numbers of customers in the
type of station i:

1 mn; i 3
<> H Vl-(k”) for station ¢ of type FIFO,
i ,
7j=1
(k)
Kk FY OO A
i Al .
H k - for station ¢ of type IS,
k=1 I=1 M( ) vy
=1 I= il il
fi(vi) = o B 40 e 1 (5.12)
. () 7 . .
n;! H 0 0, for station i of type PS,
k=1 I=1 Fip il
n; 1
H Vi(k]) Z(I;j) o) for station ¢ of type LIFO.
j=1 T Mgy,

Here, Vi(k) is the mean number

of visits made by a customer of class k to station i.

If the external arrival process is of type (a), i.e. customers arrive at rate A(IN), then

In the case of external traffic of type (b), d(v) is calculated as

For a closed network,

m N(Ej)—1
dv)=1] TI »®.
j=1 =0

dlv) = 1.

The correctness of solution (5.12) is proved by direct verification, i.e. by showing that it

satisfies the equilibrium equations.

5.3.2 Marginal Distributions

Let us define the state of the network as

where

n=(ny,ng,...,ny),

2)

)

e

ni:[nl(-l),n ;]

PRI

Thus, we take into account only the numbers of customers of each class at the stations, disre-
garding their current service phases.
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Let 1/ uz(»k) be the mean service time for a customer of class k at station ¢. The probability
distribution then has the form

M
1
p(n) = = d(n) [ ] gi(n), (5.13)
i=1
where
( K (k) n;
Lopmys | (L) .
N (v 1
n;! [’}:[1 n(k)! <VZ ) ] <M> for station ¢ of type FIFO,
(k)
K (k) \ ™
41 V . .
gi(ni) = 4 ni! H % e for station i of type PS or LIFO,  (5.14)
k=1 nf ! E )
K W™
41 V ' . .
H . for station ¢ of type IS.
MO0
k=114 - \ M

As can be seen, although the PS, LIFO, and IS stations may have general service-time
distributions, only the mean values of these distributions appear in expression (5.14).
For open networks, in which the external customer arrival process has a constant parameter

A(N) = X = const.,

independent of the number of customers in the network, the normalisation constant can be
written as

0o o0 0o M
G = > > > ( /\"ihi(ni)>

n1=0n2=0 ny=0 \i=
= (Z thl(nl)) (Z )\n2h2(n2)) ( Z )\thM(nM)> s
TL1:O TLQZO n]w:O

where

-1
) for station ¢ of type FIFO ,
Hi

K
k=1
L Ko\
Z A" hi(n;) = 1-— Z A= for station ¢ of type PS or LIFO,
=0 k=1 'E )
K
Z for station ¢ of type IS.

I
exp [
\

(k)
Vi

Since the normalisation constant, like the expression p(n), has a product form, the num-
bers of customers at different stations are independent random variables. Let us calculate the
marginal distribution at station ¢:

@

b
Il
—
=

M 0o
pz(nz) =3 Anzhz(nz) H Z A" h] (n])
j=1 \n;=0
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Using the expression for the normalisation constant, we obtain

g — i)
P S i)

After introducing the quantity o;,

(k)
)\< i > if station i is of type FIFO ,

K
) e Hi
0= )
Z A ( ’(k) > if station i is of type PS, IS, or LIFO,
k=1 Hy
we obtain
(1 —0i)o;" for a station of type FIFO, PS, or LIFO,
pi(ni) = o
A= for a station of type IS'.
n;:

In this model, one may also account for the dependence of service time on the number of
customers at the station. Let z;(n;) be an arbitrary positive function of n;, representing the
relative service rate at station ¢ when n; customers are present, relative to the service rate when
n; = 1. Thus,

wz(l) = 1.

In that case, the expression f;(v;) in solution (5.12) must be multiplied by the factor

1

IESEAON

If the service rate for a given customer class depends on the number of customers of that

class, and the relative service factor is :ng) (nl(k)) with

1
Fe) I =

k=1j=1T; )(j)

One may also formulate more general relationships between the service rate and the numbers
of customers present at several stations simultaneously. Let

I={i1,ig,...,0}

be a subset of stations, and let

nr = E n;

el
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be the total number of customers at those stations. The service coefficient at station 7 € I is
then assumed to depend on both n; and n;. Let Z;(ns) be the relative service-rate factor, with

Zr(1) = 1.
In this case, the expression
I1 5
el
is replaced by
ng 1 nr 1
e ] == 11 .
v i %) | [ g 20

5.3.3 Numerical Problems in Solving BCMP Models

Numerical results for BCMP models can be obtained in two ways:

1. Direct use of the formulas presented in the previous subsection. The normalisation con-

stant
G = G(M,N),

where
N =[ND, . NE)

denotes the numbers of customers in the individual classes in the network. It is calculated
using the convolution algorithm presented in the previous chapter and extended to account
for K customer classes.

The algorithm assumes that customers do not change class membership. If class switching
is possible, the set of K classes must be divided into C' < K subsets between which no
customer exchange occurs, and the network must be transformed into one with C' customer
classes and no class switching. A detailed description of the algorithm for closed networks
is given in [9], and for mixed networks in [80].

Certain computational savings for networks with sparse routing matrices R, where cus-
tomers of particular classes visit only parts of the network, can be achieved by selecting
an appropriate order of computation [70].

Recall that the value of the normalisation constant depends on the chosen traffic vector
V', which is not unique in closed networks:

K N
G, N, V) =] (Vf’“)) G(M,N,1), (5.15)
k=1

and, depending on the choice of V', the value of G may grow or shrink rapidly during the
calculations, exceeding the range allowed by floating-point arithmetic.

Equation (5.15) permits simple rescaling of the normalisation constant:

K R\ N
/ Vi
G(M,N,V')=GM,N,V)[] o , (5.16)
S\
k=1 1

which makes it possible to keep the value of G within acceptable numerical limits.
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2. Use of the Mean Value Analysis (MVA) algorithm. The MVA algorithm, discussed pre-
viously, yields exact results for BCMP networks. We previously described it for closed
networks with multiple customer classes and service times independent of the number of
customers at a station, cf. equations (2.7)-(2.12).

Let us rewrite the algorithm for closed networks, using the notation adopted here and
allowing the service time to depend on the number of customers at a station:

BB = E[B" (n))).

(2

This dependence implies that the queue length observed by an arriving customer does not
fully determine that customer’s response time, because subsequent arrivals may alter the
service times of customers already present.

Recall the notation: for a given population vector n, containing a total of N customers
of all K classes, n; is the total number of customers at station i, 71 =1,..., M; nl(k) is the

number of class-k customers at station i; and N*) is the total number of class-k customers
in the network.

The response time for a single visit to station ¢ can be written as

EBR® ()] = BB, (5.17)
if station i is of type IS.
For all other station types:
B[R (n)] = EBM] [1+ E[Ny(n —1®)] (5.18)
when the service time is independent of the number of customers at the station, or
N
E[RP ()] = S BB ()] nipi(ni — 1,n — 1%) (5.19)
n;=1

when the service time depends on the number of customers at the station.

The vector 1) is a K-element vector whose k-th component is equal to 1 and whose
remaining components are equal to 0.

The throughput of station ¢ for class k customers is then

(k) (k)
AB) () = Vi N , (5.20)
i M1, (&) g p(k)
Zj:1vj E[Rj (n)]

and the average number of class-k customers at station 7 is

BN (n)] = AP (n)E[RM (n)] . (5.21)

)

For equation (5.19), one must recursively compute the marginal queue-length distributions
at the stations:

K

pitnion) = Y BBP )N () pi(ns — 1,m - 10), (5.22)
k=1 N

pi(Om) = 1= pi(ni,n). (5.23)

n;=1
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These formulas are applied recursively for all possible populations between 0 and n, using
the initial conditions
E[N;i(0)] =0,

pi(ni, 0) =0 for n; > 0,

If the utilisation of station 7 is high, i.e. p;(0,n) is close to zero, then equation (5.23)
may become a source of numerical instability and significant errors [13]. Therefore, [98]
proposes aggregating the entire network outside station ¢ (as in Example 4.3) into a single
substitute station and then computing p;(0,n) as

pi(0, 1 — 1) A®) (g
pi(0,m) = Pi o JAT(m). (5.24)
Ay (M)

where )\SZE) is the throughput of the reduced network.

A detailed comparison of the computational complexity of the convolution method and the
MVA method is given in [120].

When service times are independent of queue length, the computational complexity of both
methods is the same, namely proportional to

K
KMJ[@® +1).
k=1

The ratio of memory usage in the convolution method to that in the MVA method is

2 maxy(N®) + 1)
KM+K+M

The relative efficiency of these methods therefore depends on the parameters of the network
being analysed. Ease of implementation, conceptual clarity, and the absence of any need to
rescale the normalisation constant all favour the mean-value method.

Example 5.2

Model of a multiprogramming system with virtual memory.
The system configuration is shown in Fig. 5.5, and its operational parameters relevant to the
model under consideration are as follows:

vVoPU = 1.2 x 109 — average number of instructions executed by the cen-
tral processing unit per second,

w1 = 4500 revolutions/min — rotational speed of drives 2 and 3,

w2 = 3600 revolutions/min — rotational speed of drive 4,

ty = 8 ms — average head movement time for any disk,

ts1 = 2 us — average transfer time for a single word to or from
drives 2 and 3,

tso = 4 us — average transfer time for a single word to or from

drive 4.
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X

— jednostka centralna
<—O) I
— dyski_stronicowania
terminale dyski szybkie

dyski wolne

1

Figure 5.5: System model in Example 5.2

Access to external memory is performed in blocks of size 1024 bytes.
The system has virtual memory; the experimentally determined program lifetime curve (com-
mon to tasks of both classes) is as follows:

N=NO+NO[1 2 3 4 5 10 15 20 25 30
E|[Bg] 50 46 43 39 35 24 17 12 8 5 [ms]

Here, E[Bgy| denotes the average time between successive page faults.

The system supports two classes of programs: interactive tasks run from terminals and
batch tasks executed without terminal involvement.

The parameters for the first class are as follows:

LM = 21x105 — average number of instructions in the program,
V(l) = 80 — average number of accesses to files on drive 3,
V(l) = 60 — average number of accesses to files on drive 4.

For the second class of tasks, these parameters are:
L® =15%x105  v{» =50, V=30
The average terminal think time for first-class tasks is
E[Z] =20s.

We wish to investigate the effect of the numbers of tasks in both classes on the system
performance parameters, specifically the response time for first-class tasks, CPU utilisation,
and disk utilisation.

We will use a BCMP model, assuming that the terminal is represented by an IS station
with a finite number of service channels, and the central processing unit by a PS station. The
service-time distributions at these stations are irrelevant: the model allows arbitrary distribu-
tions (represented by appropriately chosen Cox distributions); these may differ between task
classes, and only their means affect the results.
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In the case of queues modelled as FIFO stations, we must assume that the service-time
distributions are exponential and identical for both customer classes (although in practice only
the latter assumption corresponds to reality). The disk as a service station is discussed in more
detail in Example 6.2; here we simply calculate the average service time associated with the
transfer of a 1024-byte block.

For the fast fized-head drives (stations 2 and 3), the service time consists of the rotational
latency (on average, half the disk rotation period) required for the read/write head to reach the
appropriate sector, plus the read/write time itself. In the case of the slower moving-head drive
(station 4), one must also take into account the head movement time, since the head must be
positioned over the relevant track.

We calculate the times

average rotational latency + average transfer time

1 3 -3
2><4500><60><10 +1024 x 2 x 10 6.66(6) + 2.048 = 8.715ms,

and the time
1 2
E[B{") = E[BY] :

average rotational latency + average head movement time + average transfer time

1
= - X
2 3600

X 60 x 10% 4+ 8 + 1024 x 4 x 1073 = 8.33(3) + 8 4 4.096 = 20.429 ms.

The average service time in the central processing unit, £ [Bgi)], can be obtained as follows:

e We calculate the total average service time of a task at the central processing unit:

so for the given data

2.1 x 106
gpM = =227 475
D] 1.2 % 1081 /s >
1.5 x 106

O 195
1.2 % 106 1 /s %

e We calculate the number of interruptions of the total CPU service time caused by page
faults (and thus by the customer’s transition to station 2, the paging disk):

__EDY)
B E[Bstr(N)] ’

e We calculate the total number of interruptions of the CPU service time caused by tran-
sitions to any disk (excluding the final CPU visit, after which the task completes):

) =)+ v v s
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e We calculate the average CPU service time between successive interruptions:

E[BY(N)] = =1

For example, for N = 10, N® =5 ie. for
E[Bg-(15)] = 17 ms,

we obtain for the first class of customers

(1) . 1.75s .
V,'(15) = oy = 10294,

viVas) = vias)+ v 4 v 41 = 102.94 + 80 + 60 + 1 = 243.94,
EDY] 1755

(1) -3
E|B;y/(1 = = =71 1

and for the second class of customers

1.25
B8 = g = T,
viPa5) = VP05 + VP + VP +1=7353+50+30+1 = 154.53,
(2)
E[D 1.2
BB as) = P11 g0 03

We determine the transition probabilities for both task classes as

A V@ v @
7 1 % N % 7
r(N) = ——— V) = 2 ), rY(N) = —3— © "

In the same case, N(!) =10, N2 = 5, for the first class of customers we obtain:

(1) 1 1
= = = 0.0041

) oviPas) 10294

rD15) = V(l 1) 21801 0.42199

D15y = Y80 = 0.32795

"3 T oyas) 24394 ’
v 60

rMas) = 24 = = 0.24596 ,
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E[R{I}]

N2 =10 4?\7{2: =5
40 +
30 + ;‘7\-'7{2} -0
20 -
10 =
L 3] 10 15 20 25 (L)

Figure 5.6: System response time for terminal tasks as a function of the number of tasks in
both classes

and for the second class of customers:

rio (15) = ‘/1(2)1(15) = 15;‘1‘53 = 0.00647,
r21s) = “222: = 17534?533 = 0.47582,
r2as) = ‘/1(‘2/‘;’(25) = 15?53 =0.32356 ,
ri7(15) = v, 0 019415,

The results are shown in Figs. 5.6 and 5.7. As can be seen, the presence of batch jobs
increases the system response time observed by terminal users. It is also evident that, for a small
number of tasks, the system bottleneck is the central processing unit. Later, due to increasingly
frequent page faults (as less and less RAM is available per user), the number of accesses to the
paging disk increases, tasks queue up for this disk, and CPU utilisation consequently drops.

|
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Figure 5.7: CPU and disk utilisation as a function of the number of active tasks
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Chapter 6

Non-Markovian models

A significant limitation of the BCMP model is that, in the case of a natural queueing service
policy, it only allows for a discrete distribution of service times. In a real computer system, the
times of uninterrupted CPU operation, and consequently the transmission times, do not follow
a distribution to the exponential distribution, and by making this assumption we may commit
a serious error.

Below we will briefly demonstrate that it is possible to perform an accurate analysis of
a single service point with a , in which one of the distributions A(z), B(x) differs from the
exponential, and thus systems of the type M/G/1 and G/M /1, whilst the description of the
system G/G/1, and thus the network of systems G/G/1 is, in practice, only in an approximate
form.

A natural way of describing the operation of systems M/G/1 and G/M/1 is via Markov
chains: we observe the process N(t), i.e. the number of customers at these stations not at
all times, but at selected instants. For the M/G/1 system, these are the moments of service
completion ; for the G/M/1 system, these are the moments when a new task arrives. Viewed
only at these specific moments in time, the process is a Markov chain — we free ourselves from
dependence on the system’s history, which introduces the distribution G.

6.1 System M/G/1

The distribution p(n) of the number of customers present at the station is described by the
Pollaczek—Khinchine formula, which gives the generating function of this distribution [61]:

G(2) = b\ — \2) DO — )2 (6.1)
from which the expected value follows:
dG(z) N E[B?
E[N] = = 2
A R A (62
The utilisation factor is
E[B]
= —— = AE[B
°= T [B]
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Figure 6.1: Average waiting time E[W]ys/q/1 in the M/G/1 system compared with the waiting
time E[W]pr/a/1 in the M/M/1 system for the same values of A and E[B]

The Laplace transform w(s) of the waiting-time distribution w(z) is given by another form
of the Pollaczek-Khinchine formula [61]:

) s(1 - o)
= ~ , 6.3
@(s) s — A1 —b(s)] (6:3)
from which we calculate the average waiting time:

dw(s) A\E[B?]

EW] = (-1 =—. 6.4
Rewriting equation (6.4) gives
oE|B] 2
E =—(1
[W]M/G/l 2(1_9)( +CB)7

and consequently

EWlympn 2
Thus, the average waiting time in the M/G/1 system depends linearly on the squared
coefficient of variation C% of the service-time distribution. For example, in the M/D/1 system
it is approximately half as large as in the M /M /1 system, while maintaining the same mean
service time; see Fig. 6.1.

EWlyan  1+C%

Example 6.1
Let the distribution densities A(x) and B(z) in the M/G/1 system be given by:
Az 1, _ 'z 3 N, —2u'x
a(x) = Xe and b(x) = he e 4 Z(2M Je T

that is, the service time follows a hyperexponential distribution. We wish to determine the
distribution p(n).
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We calculate:

- 1 4 3 24

b(S) = 777 n 7 )
4 +s 42 +s
: (1-0(1—2)

G(z) = bA—A2) WO - Az

The values of E[N] and p(n) can be obtained directly from the generating function G(z) in
this form, but it is more convenient to transform it to

- 1/4 3/4
G(z) =(1-0) [1 —(2/5)z + 1- (2/3)2] '

Hence, after expanding G(z) into a power series, we obtain

ORO

Example 6.2

Let us use the M/G/1 model to describe the operation of a disk drive, taking into account,
as components of the service time, the head movement time, rotational latency, and transfer
time.

Let us introduce the following notation:

T, — head movement time, required to position the read/write head over the appropriate
track on the disk,

T, — rotational latency, i.e. the time during which the head, already positioned over the
selected track, waits for disk rotation to bring the desired sector under the head,

T; — the time needed to transfer a block of data from the disk to main memory, or in the

opposite direction.

The total access time is the sum
B=T,+T +1T,.
We assume that its components are independent random variables, so

E[B] = E[T)]+ E[T;] + E[T}],
var[B] = var[T},| + var[T;] 4 var[T}].
The head movement time is a function of the distance, measured in number of tracks, that
the head must travel from the track on which the previous read or write operation took place

to the track required for the next operation. This is a nonlinear function, taking into account
the time required for acceleration and deceleration of the arm. We assume the form

t(i) = a + bV,
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where ¢ > 1 is the distance in tracks. The parameters a and b are characteristic of a given disk
type, and
t(0) = 0.

Let the disk contain C' tracks, and let the distribution of the target track be uniform. Since
successive accesses often address neighbouring blocks, we distinguish this case by assuming
that with probability p the head movement time is 7}, = 0, while with probability 1 — p head
movement is required.

If the head was previously positioned over the first track (the one closest to the centre), it
may move by 1,2,...,C — 1 tracks outward.

If the head was previously over track 2, it may move one track inward or by 1,2,...,C —2
tracks outward.

By listing all possible previous positions and movements in this way, we see that there are
C(C — 1) possible moves, including 2(C' — i) moves of length ¢ tracks.

The probability that, in the next access, the head must travel a distance of ¢ tracks, for
1 > 1, is therefore

D fort =0,
p(t) = 20 —
(@ (1—p)C((g_)) fori=1,...,C—1,
which allows us to calculate
C—-1
ET] = p(i) (i) ,
=1
Cc-1
E[T;] = p(i) [t(0))?
i=1
var[T)] = E[T7]— E[T,]* .

We assume the rotational latency to be uniformly distributed over the interval [0, R], where
R is the time of one full rotation. Under this assumption,
R R?
E[T,] = 2 var[T,] = T
The transfer time T}, associated with the transmission of a block of fixed size, is assumed

to be constant:
E[Ty] = LD,

where L is the block length in words, and D is the transfer time of a single word. Hence,
var[Ts] = 0.

In this way, we have determined the mean and variance of the total service time, so we
can use formulas (6.2) and (6.4) concerning the queue length and waiting time in the M/G/1
system to analyse disk performance.

|
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By B, =X Bt

Figure 6.2: Service time X and residual service time Y

Example 6.3

A new customer arrives at a service station and finds n customers there, of whom n — 1
are waiting in the queue, while one is in service. The time required to complete service for the
customer currently being served is called the residual service time. So far, we have assumed
(in the MVA algorithm and in the derivation of the response-time distribution for the M/M/1
system) that the residual service time is equal to the service time itself. This is true in the case
of an exponential service-time distribution, which has the memoryless property — cf. equation
(8.8) — so that, regardless of the observation instant, the residual service time follows the same
exponential distribution. However, this is not true for a general service-time distribution.

Figure 6.2 shows a time axis with marked service intervals for successive customers. Let us
assume that at time X during the service of the nth customer, a new customer arrives. The
residual service time is the interval Y marked in the figure. What is its distribution?

Service times follow distribution B(x) with density b(x), but the interval X, singled out by
the fact that a new customer arrives during it, has a different distribution. Since the probability
that a new customer arrives during a service interval is proportional to the length of that interval
(arrival intensity A is constant), the density of the service interval during which the customer
arrives has the form

fx(z) =~ab(z) .

We determine the coefficient v from the normalisation condition

/Ooofx(m)dmzy/oooxb(x)dmzl,

hence 1
Y= m )
that is, @
zb(x

Since the arrival of a customer at any instant is equally likely, then for a fixed interval length
X = x, the conditional distribution of the random variable Y is uniform:

P[Y§y|X:x]:g, 0<y<u.
x
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Hence the joint density of the variables X and Y is

Ply <Y <y+dy, 35<X§x+dx}:6§/-wbE(g[%]dx = 2’([2] dz dy ,

from which we obtain the marginal density fy (y) of the variable Y

Frindy = [~ Zdedy =2y

It is convenient to express this result in terms of the Laplace transform:

- _1/s—=B(s) 1—1b(s)
fr(s) = BB~ BB’

and then compute the successive moments of the residual service-time distribution:

my __ m dm r _ E[Bm+1]
BT = ("5 ) o (m+1)E[B]’ (6.5)
and, in particular, the mean value
o d _ E[B?]
ElY] = _EfY(S) o 2E[B| (6.6)

Since

result (6.6) can be written as

_B[B] | o}

2 2E[B]
Thus, the greater the variance of the service-time distribution, the longer the mean residual
service time.

In the case of deterministic service (6% = 0), the mean residual service time is equal to half
the service time. For exponential service, where

1 1
E[B] = U2B = 9
Y 2
we obtain )
E[Y] =5
7

that is, the mean residual service time is equal to the mean service time.

Example 6.4

Let us consider a local token-ring network with token passing. A station holding the token
may send one packet of fized size to any other station, after which it passes the token, and thus
the right to transmit, to the neighbouring station; see Fig. 77.
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Assume that the packet transmission time is constant and equal to x, and that the token-
passing time is also constant and equal to y. There are n stations in the network. Packets are
generated by each station with the same intensity A, and the intervals between packet arrivals
are exponentially distributed.

We wish to determine the mean queue length at a station and the waiting time until o packet
is transmitted, [42].

From the perspective of a packet waiting in the queue at any station, the service time is
the interval that elapses between the moment this packet begins transmission and the moment
when the token returns to the station and enables the transmission of the next packet. This
time can be written as

B =nz + Ky,

where K is a random variable determined by the number of stations that, during a single token
circulation cycle, have a non-empty packet queue when the token arrives. Let us assume that the
probability that the token finds a station with a non-empty queue is p. This is an approximation,
because the token arrival process is not Poissonian, and therefore the probability of observing
the system in a given state at the moment of token arrival is not equal to the steady-state
probability of that state.

The variable K follows a binomial distribution (cf. Appendix ?7?): it represents the number
of successes in (n — 1) trials, where the probability of success is p. We therefore calculate the
mean service time:

EB]=nx+ E|Kly=nz+ (n—1)py

and the variance
var[B] = var[nz] + var[Ky] = 0 + y*var[K] = y*(n — 1)o(1 — o).
Since
0= A\E[B] = )\[nm +(n— 1)Qy],

we can determine p:
Anz

e= 1-An—-1)y
We substitute the values of E[B] and
E[B?] = var[B] + E[B)?

into formulas (6.2) and (6.4) to obtain the desired values of E[N] and E[W].

6.2 System M/G/1/PQ

We shall consider two priority schemes:

— preemptive discipline (preemptive), in which the arrival of a task with a higher priority
than the task currently being executed interrupts the execution of the latter. Execution is
resumed from the point of interruption once there are no more higher-priority tasks in the
system. Within each task class, the FIFO policy applies, i.e. service in order of arrival;
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Figure 6.3: Token-passing network mode

— non-preemptive discipline (non-preemptive, head of the line), in which task processing is
not interrupted. Only after the current task has completed is the highest-priority task selected
from among those currently waiting. Within each priority class, the FIFO policy applies.

In the single-station model considered below, we assume that there are K classes of cus-
tomers. The arrival stream of class-k customers is a Poisson stream with parameter A*), and
their service time follows an arbitrary distribution B*)(z) with mean E[B®)] and variance

o2

. The load imposed on the station by customers of class k is
o®) = \B) BB,

and the total load is

The condition for system stability is, of course,
o<l1.

We assume that priority decreases as k increases: class 1 has the highest priority, while
class K has the lowest. We denote non-preemptive priority disciplines by the symbol NP, and
preemptive priority disciplines by PPQ.

We shall determine the mean waiting time in the queue for each customer class; the mean
number of waiting customers then follows from Little’s formula.

6.2.1 System M/G/1/NPQ

The waiting time W®*) of a class-k customer consists of three components:
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Wl(k) — the time required to complete service for the customer being served at the
moment the customer under consideration arrives,

WQ(k) — the total service time of all customers of equal or higher priority found at the
station by the arriving customer,

W3(k) — the total service time of customers arriving later but having higher priority.
When calculating the residual service time according to formula (6.6), we must take into
account all customer classes. The overall service-time distribution is

K Ak
Bla) =3 " B®(@),

where

and its second moment is

Substituting these into formula (6.6), we obtain the expected value of Wl(k), which is the
same for all customer classes:

2
Ew®) = fE[fB]] _ 21@ ; \G) E[( B(ﬁ)z} , (6.7)

If E[LY)] denotes the mean queue length of class-j customers (excluding the customer

currently in service), then
k

EWy" =" E[LY] E[BY)],
and since, by Little’s theorem,

it follows that

E[WQ(k)] — Z ADEWWDIE[BD] = Z oD EWO) . (6.8)

During the waiting time W) of the class-k customer under consideration, new customers
arrive. Let L'(Y) denote the number of class-j customers arriving during this time. Since the
arrival processes are Poisson,

E[L/0)] = A Ew®)]
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Customers with higher priorities, i.e. with j < k, will be served before the customer under
consideration. Therefore,

Ead

k-1 -1
E[W?fk)] _ ZE[L/(j)]E[B(j)] = EWw®]Y " o0 (6.9)
1

<.
Il

j=1
Hence the total waiting time of a class-k customer is
EW®] = EwM] + EWY] + EwM] .

After substituting (6.7)—(6.9) and solving the resulting system of equations, we obtain

I~ 0) (7))2
Q;AJ E[(BJ )}

Sl = T

(6.10)

Example 6.5

Input and output messages are transmitted over a communication line. We assume that
the mean length of an input message is 3000 characters, while the mean length of an output
message is 9000 characters. The number of characters in an input message follows an Erlang
distribution of order 2, whereas the number of characters in an output message follows an Erlang
distribution of order 3. The message arrival rates are

A = \@) =3 1/,

and we assume that both message streams can be regarded as Poisson processes.

Access to the line is organised according to a non-preemptive priority scheme, with priority
given to outgoing messages. We wish to calculate the response time of the line for both types
of messages.

The mean transmission time of output messages (the first class of tasks) is

9000

E[BW] = 50000 = 015

and the mean transmission time of input messages (the second class of tasks) is

3000
E[B?] = 0000 = 0055

If the mean of an Erlang distribution of order k is E[B], then its second moment is

k+1

BB’ = k E[BJ?
(cf. Appendix A). Hence
E[(BWY?] :E%;Ewmfzgmwf:3xm4§,
E[(B®)Y] = % E[B®7? = 2(0.05)2 =3.75x 1073 s,
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The loads generated by the two message classes are
oV = XVEBW] =3x%x0.15=045, 0@ =XPEB®] =3x0.05=0.15.
The mean waiting time for access to the line for outgoing messages is

ADE(BWY] + AXPE(B@)Y]  3x3x1072+3 x 3.75 x 1073

EwM = — =0.092
W] 2(1 — o) 2(1 — 0.45) i
and for input messages
(l)E B(l) 2 (2)E B(Z) 2 102 ) 10~3
E[W(Q)]:)\ [( )1+ A [( )]:3><3>< 07*+3x3.75x10 01545,
2(1 — oM)(1 — o) — @) 2(1 — 0.45)(1 — 0.45 — 0.15)
The response time is the waiting time plus the transmission time:
ERW] = EWW]+ EBM] =0.092 4 0.15 = 0.242 s ,
ER?] = EW®]+ EB®]=0.15440.05 = 0.204s .
|

6.2.2 System M/G/1/PPQ

In the case of the preemptive-resume discipline, when calculating the residual service time we
take into account only tasks whose priority is equal to or higher than that of the task under

consideration:
k

Z)\(j)E[(B(j))Z} . (6.11)

J=1

1
B =5

The remaining components of the waiting time remain unchanged, and the final result is
k
YA E[( BU))?}
j=1
k— . k . °
2 (1 - ijll Q(])) (1 - Q(]))

However, it must be remembered that this is the waiting time until the start of service,
which may then be interrupted several times by tasks of higher priority.

The average task execution time, i.e. the time between the start and the completion of
service, denoted by F [C(k)], is calculated by noting that the service station can devote only the

fraction
k—1
1— Z Q(j)
j=1

of its capacity to serving tasks of priority k. Hence

EW®] = (6.12)

E[BW]

Elc®] = ——— .
™ 1— Yk o0)

(6.13)
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Therefore, the response time of the station for customers of class k is
ERW] = Elw®] + E[Cc™)]. (6.14)
Example 6.6

Access to the central processing unit is organised according to an absolute priority scheme.
The highest priority (k = 1) is assigned to terminal transmission handling, the next (k = 2) to
communication with external memory, and the lowest (k = 3) to message processing.

The parameters for the individual task classes are as follows. The arrival streams are Pois-
son, with

AW =10 1/, A® =60 1/s, AG) =10 1/s.
The mean service times are
EBY]=0015s,  E[B®]=0003s,  E[B®]=0.03s.

We assume that the service time of first-class tasks follows a second-order Erlang distribu-
tion, the service time of second-class tasks is constant, and the service time of the lowest-priority
tasks is exponentially distributed. We wish to calculate the characteristic response time for each
class.

We calculate:

E[(BU))?] - % E[BM? = %(1.5 x 10725)2 = 3.375 x 107452,
E[(B@))?] = EB?P=(3x10"%s)2=9x105s2,
E[(B@)?] = 2BBOP=23x10725)2 =18 x 10732,
The utilisations of the central processing unit by the individual task classes are
o = XVEBW] = 10% x 0.015s = 0.15,
0? = XPEBP) =60 é x 0.003s = 0.18,
o® = NOEBO = 10% % 0.03s = 0.30,

and the total utilisation is
0=0" +0? + 0¥ =0.63.

The mean waiting times until the start of service are:

AVE[(BM)?] 10 x 3.375 x 10~

Ew® = ~ 0.002
U 2(1 — o) 2(1 - 0.15) 0.0020s,
ADENBMN2] - AN E[(B@)2
2(1 = oW)(1 = o) — o)
—4 -6
_ 10 x 3.375 x 107* + 60 x 9 x 10 ~0.0031 5.
2(1-0.15)(1 — 0.15 - 0.18)
ADENBN2] 2 XD E[(B@OHY2] + A ET(BGNH2
gy~ AVEIBYP] A E[(BP] 4 A0 BB

2(1 — Q(l) — Q(Q))(l — Q(l) — 9(2) — Q(S))

. 10x3375x 1071 +60x 9 x 1070 +10 x 1.8 x 1073 ~ 0.0261 s
- 2(1 —0.15 — 0.18)(1 — 0.15 — 0.18 — 0.30) A '
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6.3 System G/M/1

The analysis of this system requires solving the equation
U =a(p— i), (6.15)

where a(s) is the Laplace transform of the density a(z). If the system has a steady state, i.e.
if the utilisation factor ¢ < 1, then the interval (0,1) contains exactly one root ¥ of equation
(6.15) [114].

This root is the parameter of the waiting-time distribution for the station. The cumulative
distribution function W (x) has the form

W(z) =1— e 107 (6.16)

from which we obtain

B 9
p(l—9)°
The distribution of the number of customers in the system is geometric:

p(n) = (1 —9)0".

E[W] (6.17)

Thus, the average waiting time in the queue of a G/M /1 system depends on the form of the
input distribution, and not only on its first two moments.

Example 6.7

Let us assume that the service-time distribution is exponential, while the interarrival-time
distribution A(x) is Erlang when 0124 < 1, or second-order hyperexponential when 0124 > 1, with
density

a(z) = 202 A2 L 9(1 — a)?he 20-VAT (6.18)

By varying the parameter o € (0,0.5), we obtain different values of the squared coefficient of
variation C%. The mean of the distribution is

1
E[A] = —.
4] =5

We wish to calculate the mean waiting time using formula (6.17) and compare it with the mean
waiting time in an M/M/1 system
(Cfl = 1)7

for which the mean values of A(x) and B(x) are the same as in the system under consideration.
For an Erlang interarrival-time distribution of order k, equation (6.15) takes the form

k
9 = ok _
uw— it + kA

For the hyperexponential distribution (6.18), it becomes
_ 202\ 2(1 — a)?\
o= pd F 20N p—pd +2(1— )X

After solving these equations numerically, we obtain the results shown in Table 6.1.
[ |

The above results indicate that, for a fixed value of A, the waiting time increases almost
linearly with increasing C3.
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0 C2% 1 0.00 [ 0.25 | 0.50 | 1.00 | 2.00 | 3.00 | 4.00 | 5.00 | 10.00

0.01 0.00 | 0.00 | 0.04 | 1.00 | 1.34 | 1.51 | 1.61 | 1.67 | 1.83
0.25 0.06 | 0.23 | 0.46 | 1.00 | 1.39 | 1.65 | 1.83 | 1.93 | 2.35
0.50 0.26 | 0.43 | 0.62 | 1.00 | 1.45 | 1.83 | 2.16 | 2.46 | 3.68
0.75 0.40 | 0.55 | 0.70 | 1.00 | 1.49 | 1.97 | 242 | 2.88 | 5.17
0.99 0.50 | 0.62 | 0.75 | 1.00 | 1.50 | 2.01 | 2.49 | 2.99 | 5.47

. EWla/mn . 2 oy . .
Table 6.1: EWlajas 25 2 function of C% and ¢; A = 1, and in both queueing systems the

service-time distribution b(x) is the same

6.4 System G/G/1

The determination of the waiting time in the queue of a G/G/1 system involves solving the
Lindley equation [74], which is an integral equation of Wiener—Hopf type:

w(z) = /oow(a: —§)dF(&) forxz >0, (6.19)

0 forz <0,

where

F@%=Awwf+wdwdy (6.20)

The spectral factorisation method [94], [95] indicates a possible route to solving equation
(6.19), but imposes a number of restrictions on the functions a(x) and F(z) and does not lead
to final results in the form of an explicit dependence of the waiting time or queue length on the
parameters of the distributions A(z) and B(z). Consequently, it is of limited practical value.

Specifically, it is required that

. a(x)
lim

T—+00 e—Da:

< 00,

for any positive real constant D, and that the Laplace transform of the function F(z) can be
written in the form
- Uy (s)

F<S>:1+\I/_(s)’

where, for R(s) < 0, the function ¥ (s) is analytic and has no zeros in the right half-plane of
the complex variable s, while U_(s) is analytic and has no zeros for R(s) > 0.
The functions ¥, (s) and W_(s) must satisfy the relations

lim +(s) =1 for R(s) <0, lim v-(s)

|s]—00 § |s]—o00 S

=1 for R(s) > 0. (6.21)

The transform of the waiting-time distribution in the queue then has the form

. sw(0)
) =5 6)
where v
(0) = tim Y — (1 - gy _(0)



6.4. SYSTEM G/G/1 137

Example 6.8

Let a(x) and b(x) be hyperexponential distributions of the same form as in the previous
example. Assume that A =1, u =2, and

C%3=0%=5,

so that for both functions a(x) and b(x) the coefficient o in formula (6.18) has the value 0.092.
The transform of the function F'(z) is then

(s) 0.02 n 0.17 0.03 n 0.33
S) =
0.18—s 182-s 037+s 363+s)’

s(s — 0.49)
(5 0.18)(s — 1.82) '

s
—~
®
SN—
Il
QI
—
|
w
S~—

|

from which we obtain

(s+0.37)(s + 3.63)
s+ 0.20

Uy(s) = U_(s) =~

The function
Vy(s)

S

converges to zero as |s| — oo, rather than to unity, as required by condition (6.21). Therefore,
it is not possible to calculate the transform w(s) of the waiting-time distribution in this case.
|

However, the distribution w(s) can be calculated using this method for the G/Ejy/1 system
[96]. Tabulated, numerically computed values of E[W] for the system Ej/FEj/1 are given
by Page [93]. Herzog, Woo and Chandy [45] propose a numerical solution of various single-
station models through the recursive solution of a system of simultaneous equations for the
state probabilities p(n).

6.4.1 Some approximations related to the G/G/1 system
Bounds on the waiting-time distribution

Let the random variable Aj denote the interarrival time between customers zj; and zx41, and
let By, denote the service time of customer zy.
Define the random variable
Up = B, — Ay,

and note that —Uy, is the amount of time for which the station would remain idle after completing
the service of customer z;, assuming that service began immediately upon arrival.
The limiting random variable
U= lim Uy
k—o0
in steady state has density

u(z) = /OO b(x + 1)a(r)dr

and mean
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As shown by Kingman [59], [60], the waiting-time distribution may be bounded by expo-
nential distributions with appropriately chosen parameters. If © satisfies the equation

E[e®Y] =1,

then the cumulative distribution function

satisfies
1—e % <W(x)<1—ne©®, (6.22)

/OO u(y) dy

n= iI;f =T .
T

The lower bound in inequality (6.22) can be sharpened [106]:

where

1—Ee 9% <W(z) <1-—ne®", (6.23)

/ u(y) dy
§=sup —z+ .
Sy T

There also exists a weaker but more convenient inequality, because it does not require
knowledge of the distribution u(z):

where

1—€e ™ ® <W(x)<1—1ne®®, (6.24)
where
b(y) dy
f/ = Ssup o r )
B e
b(y) dy
n' = inf T

The parameter O is defined in the same way as before.

Bounds on the mean waiting time

(a) Kingman’s upper bound for E[W].
A considerably simpler expression than inequalities (6.22) and (6.23) is the upper bound for
the mean waiting time given by Kingman [58].
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According to the definition of Uy, the waiting time in queue for customer zj 1 is

Wit1 = max[0, Wy, + Ug] . (6.25)
In steady state,
W = max[0,U + W]. (6.26)
Introduce the notation
X =max[0, X], X~ =min|0, X].

It can be shown that for any random variable X,
o% = 0% +o%- +2EXV|E[X]. (6.27)

Substituting X = U + W and recalling that W and (U + W)" have the same distribution,
hence also the same variance,

2 _ 2
oW = S(U4w)t o

we obtain from equation (6.27)

o Ty
Ew] = 2E[-U]  2E[-U]

Since U is the difference of two independent random variables,
0(2] = 0124 + 0123 .
By omitting the second term, which is non-negative for ¢ < 1, we obtain the upper bound

Ao +o3)

EW| <wg =
W 2(1-o)
As o — 1, the inequality becomes exact.

(b) Marshall’s lower bound for E[W].
According to (6.25), when calculating the conditional expectation

EWiy1 | Wi =]

we consider only the case U > —v. For Uy > —v, we have

Wi =v+ Uy,
hence
EWenr [ W= = [ " (w+2ula)d
_ /OO 1 - U()] da
= ().,

where u(z) is the probability density function and U(x) is the cumulative distribution function
of the random variable U.
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Taking expectations with respect to the distribution of Wy, gives
[e.9]
W] = [ EWi | Wi = ol wn(o)do
0

- /0 " gwywn(v) dv,

that is,
EWi 1] = Elg(Wg)] -

In steady state,
E[W] = Elg(W). (6.28)
It can be shown [79] that the function g(v) is convex and therefore satisfies Jensen’s inequal-
ity
ElgW)] = g(EW]) . (6.29)
Furthermore, there exists a non-negative root wp of the equation
v=g(v),
which, by (6.28) and (6.29), is not greater than E[WW] [78]:
E[W] > wp . (6.30)
(c) Torok upper and lower bounds for E[W].
Using known relationships between the duration of the idle period and the number of cus-

tomers served during the busy period [17], [58], together with his own estimates of idle-period
duration, T6rok [116] derived the bounds

E[U?] Ko E[U? KK,
— <FE < - 31
—2E[U] 2K K1 — [W] - —QE[U] 2K, ’ (63 )
where 0
Kz‘/ y"u(y)dy', i=0,1,2.
Approximations of the average waiting time
(a) The Kramers—Langenbach—Belz (KLB) approximation [67]
2(1—0) (1—C3)?
CQ 02 |:(3QQ)(02+8)2] fOFC%Sl,
E[W] ~ oCa +CF) A B (6.32)

2p(1 — o) 3 -1
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E\W

PWleicn [z =5, c3=5 | g =5 ch=10 | ch=10, G =5 | Ch=10, G =10
o=0.01 4.09 7.60 5.41 10.21
o=0.25 4.24 7.53 5.73 10.06

o= 0.50 4.52 7.47 6.44 9.89
o=0.75 4.91 7.26 7.09 9.75

Table 6.2: Ratio of the average waiting time in the G/G/1 system to the average waiting time
in the M/M/1 system with the same values of F[A] and E[B]

(b) Page’s approximation [97]

1
E[W] ~ " [CACEEN] vyt + CA(1 = CB)ENyypp + (1 — C3)CBE[N]p/ai] - (6.33)

(c) Diffusion approximation — discussed in the next chapter:

C3o0+ C%

B[W) ~ (B

(6.34)
(d) Approximation by identification of simulation results.

Most approximate models of the G/G/1 system are second-order approximations, taking
into account the influence of the first two moments of the distributions A(x) and B(z).

We have already seen that the influence of the variance of one of these distributions on
the behaviour of the systems M/G/1 and G/M/1 is significant. In the M/G/1 system, the
dependence of the average waiting time on the variance of B(z) is linear, while in the G/M/1
system the dependence on the variance of A(x) is nearly linear.

Table 6.2 illustrates the influence of the variances of the distributions A(z) and B(z) —
assuming the hyperexponential form (6.18) — on the average waiting time in the G/G/1 system.

The table contains values of E[W] in the G/G/1 system obtained by simulation and ex-
pressed relative to the average waiting time in the M /M /1 system with the same values of E[A]
and E[B]. Thus, the function of interest is

EW]aan

0,C%,C%) = .

The form of this function can be estimated on the basis of simulation data.
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Reference [19] proposes the approximation
p(0,C3,CB) = a(e)C4 + b(0)CE + d(9)CACE + e(0) | (6.35)

where a(g)—e(p) are third-degree polynomials. The coefficients of these polynomials were de-
termined by least-squares fitting;:

a(p) = —1.3490% +1.9870* — 0.1860 + 0.050 ,

b(o) = —0.1340% +0.1990* — 0.0190 + 0.455,

e(o) = —blo),

d(o) 1.4390° — 1.9870% + 0.1860 + 0.450 . (6.36)

Figure 6.3 compares exact results (shown with a thick line) with several approximations
[19].

The values of E[W]g /1 are shown relative to E[W]y/pr/1 for systems having the same
values of E[A] and E[B].

The exact results naturally depend on the specific forms of A(x) and B(z). In the example
shown in the figure, both distributions are second-order hyperexponential distributions of the
form (6.18).

For this case, the approximation based on simulation-result identification is practically in-
distinguishable from the exact results at the scale of the figure.

The accuracy of the various approximations depends strongly on the server utilisation factor
0. When p is close to one, almost all approximations (with the exception of Marshall’s lower
bound) provide results very close to the exact value.

When g = 0.25, only the diffusion approximation, the KLLB approximation, and the Kingman—
Ross upper bound based on (6.24) remain reasonably accurate.

The approximation error increases approximately linearly with the coefficients of variation
C% and C%.

Recall that all estimates of the average waiting time can easily be translated into estimates
of the average number of customers at the station using Little’s law:

E[R] E[W]+E[B] E[W]

E[N]:E[A]: BA B4 Y

The most important conclusion from these results is that there is a strong, approrimately linear
relationship between the average waiting time, the average number of customers at the station,
and the second moments of the distributions A(x) and B(x).

For example, if in a real system C/2_1 = 10 and C%, = 10, but only the mean values of the
distributions are measured and the system is approzimated by an M/M/1 model (that is, by
assuming C3 = C% = 1), then the resulting error in estimating E[N] and E[W] may reach
approzimately 1000%.

Substantially smaller errors can be achieved by using one of the above approximations to-
gether with carefully prepared input data.
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Figure 6.4: Comparison of the values of E[W] given by various approximations for the G/G/1
system, o = 0.75
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Chapter 7

Diffusion approximation, basic
models

As we already know, there is no practical exact model for a system of type G/G /1. Nor is there
an exact model for a system with a natural service discipline and multiple customer classes
with different service times, even if the service-time distributions are exponential for all classes
and differ only in the value of the parameter . This is a major drawback, since queues with
natural service disciplines are among the most commonly used models.

In the previous chapter we examined several approximate descriptions of the G/G/1 system;
this chapter is devoted to a more detailed discussion of the most useful and widely used approach
— the diffusion approximation.

The basis of this approximate method is the replacement of the discrete process N (t),
representing the number of customers at the service station, by a continuous diffusion process
X(t) with similar properties. By solving the diffusion equation with appropriately chosen
parameters and boundary conditions, we obtain a function describing the diffusion process that
approximates the probability distribution of the queue length.

This is a second-order approximation, i.e. the method does not require information about
the exact form of the service-time distribution B(x) or the interarrival-time distribution A(x),
but only about the first two moments of these distributions. This means that the results of the
approximation are identical for different distributions, provided they have the same mean and
variance, for example the distributions A(z), B(z) and A'(x), B'(z).

Note that the data required by the model — the first two moments of the distributions
— are easier to obtain while monitoring the computer system under investigation than, for
example, complete histograms of these distributions.

We will discuss approximations for the single-server systems G/G/1 and G/G/1/N (a finite-
capacity queue), with one or several classes of customers, in both steady-state and transient
conditions, as well as open and closed networks of G/G/1 systems.

145
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7.1 Diffusion approximation of the G/G/1 queueing system

Customers arrive at the service station at independent intervals aq, as, ..., ak, ..., whose distri-
bution A(z) has mean 1/X and variance 0%. Let us define

k

Tk:Zai.

=1

Since 7 is the sum of independent random variables having the same distribution, the
central limit theorem implies that the distribution of the variable

T — k/A
oavk

approaches the normal distribution as k increases:

limP[Tk_k/)\gx} = d(2),

where
o) = —— [ €l
V2T J_o

Thus, for large values of k,

P |:Tk < zoaVk + ])j ~ O(x).

Let

k
t:.%UA\/E-FX,

that is,
E=t\—azoaVk\.

For large values of k, we may approximate
ka2 t), VE &~ V.

Let H(t) denote the number of customers who have arrived at the station during a time
interval of length t. Observe that

PIH(t) > k] = Plr, < 1].

Therefore,

&
&
2
*c

i < zoaVk + ]ﬂ = P[H(t) > K]

- PlH@W)> tA—xaA\/ﬁA]

CH(t) — t
L oAVEIAA S _x]
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Since for the normal distribution
(x) =1 - &(-a),

that is,

we obtain
P [H(t) —tA <
TAVIA

Thus, the number of customers arriving at the station during an interval of length ¢ (provided
t is sufficiently large) is approximately normally distributed with mean

At
and variance
243
O'A)\ t.
If the station operates continuously, customers depart from it at time intervals b1, ba, ..., by, . ..

equal to their service times, which are independent random variables with distribution B(z).
Therefore, the number of customers departing from the station during a time interval of
length ¢ is approximately normally distributed with mean

ut
and variance
2 3
OBH t,
provided that the interval is sufficiently long and that the station remains continuously busy
during that period.

The difference of two independent normally distributed random variables is also normally
distributed, with mean equal to the difference of the means and variance equal to the sum of
the variances.

Therefore, the change in the number of customers in the system during a time interval of

length ¢,
N(t) = N(0),

is approximately normally distributed with mean
(A —p)t
and variance
(03N + %)t .
The diffusion process X (t), whose probability density function f(x,t;z¢) satisfies
f(z,t;xg)de = Plx < X(t) < x+dz | X(0) = x|,

is defined by the diffusion equation

8f(33, tv $0)
Ox ’

0f(x,t,m0) _ g@Qf(x,t;xo) -

ot ) 0z2 p

(7.1)
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and has the property that its infinitesimal changes
dX(t) = X(t+dt) — X (t)

follow a normal distribution with mean
Bdt

and variance
adt .

By choosing the coefficients of the diffusion equation (8) as

B = )‘_M7
a = oA+ ok =CAN+Chu, (7.2)

we obtain a process X (t) whose variations over time have mean and variance that depend on
the observation interval in the same way as in the process N ().

The processes N (t) and X (t) are obviously not identical: N(t) is discrete, whereas X (t) is
continuous; for N(t), the interval over which the changes become approximately normal must
be sufficiently long, while for X (¢) the normal approximation applies to infinitesimal intervals.

Nevertheless, there is a clear similarity between the two processes, and replacing N (t) by
the process X (t), as proposed by Newell [87, 88], provides a reasonable approximation for the
G/G/1 system.

A more formal justification for the diffusion approximation is provided by limit theorems for
the G/G/1 system due to Iglehart and Whitt [51, 50]. Namely, if N, is a sequence of random
variables derived from N (t):

oo N(nt) — (A — p)nt
" 0Nt o B
then this sequence converges weakly (i.e. converges in distribution) to &, where £(¢) is a standard
Wiener process (i.e. a diffusion process with = 0 and « = 1), provided that ¢ > 1, that is,
provided that the system is overloaded and has no equilibrium state.
When ¢ = 1, the sequence N, converges to {r. The process g(t) is the reflected Wiener
process obtained from £(t) by restricting it to the interval x > 0:

Elt) = €(t) —int{E(u) : 0<u <}

A system with ¢ > 1 has no steady state. The number of customers grows over time with
fluctuations around a linear trend, just as the value of a diffusion process with positive drift
coefficient [ increases.

There are no corresponding limit theorems for equilibrium states with ¢ < 1; in this case
we must rely on heuristic arguments confirming the usefulness of the approximation.

Apart from the problem of selecting appropriate coefficients, we must also consider the
boundary conditions of the diffusion equation. The process N () never takes negative values,
so the diffusion process X (f) must also be restricted to the region x > 0.

The simplest approach is to introduce a reflecting barrier at the point x = 0. Since the
process is restricted to the positive half-line, we must have

/ flz,t;zp)dx =1,
0
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that is,

9 - . _ Ooaf(xat;-rO) _

Substituting the right-hand side of the diffusion equation, we obtain the boundary condition
corresponding to a reflecting barrier at the origin:

BW = Bf(at; 900)] =0. (7.3)

lim
x—0

The solution of equation (8) with boundary condition (7.3) has the form [64]

F(a,t:20) = ;x [CD (W) _ <W>] . (7.4)

If the system is stable, p < 1,1i.e. § < 0, then the system has a steady state. The dependence
of the density function on time vanishes:

Jim f(z, t:20) = f(x)

and the partial differential equation (8) becomes the ordinary differential equation

_adfx)  Ldf(z)
0= 2 da? —B dr ’ (7.5)
whose solution is 25
f(z) = —Ee% . (7.6)

The obtained solution approximates the queue-length distribution in the G/G/1 system:

p(nata nO) ~ f(nvta TL(]),

and in the steady state
p(n) = f(n).
One may also average the values of the function f(z), for example by taking, [64]

0.5

p(0) = f(x) dx,
0

and

n+0.5
p(n)%/ f(x) dx, n=12....
n—0.5

A reflecting barrier does not allow the process to remain at the point 2 = 0; the process is
reflected immediately. Therefore, the solutions (7.4) and (7.6) are valid only for z > 0; at x = 0
the density is zero, i.e.

F(0)=0.

As a result, this approximation gives good results when the system is heavily loaded, that
is, when the utilisation factor g is close to unity and the probability p(0) of an empty system is
negligibly small.



150 CHAPTER 7. DIFFUSION APPROXIMATION, BASIC MODELS

The largest discrepancies from exact results occur near the origin, where the behaviour of
the reflecting barrier differs from the actual behaviour of the queueing system.

The results can be improved by renormalisation [64] or by shifting the barrier to x = —C%
(for C% < 1) [32).

The above drawback can be removed by introducing a different boundary condition for the
diffusion equation — a barrier with jumps [36].

When the diffusion process reaches x = 0, it remains there for a random time having an
exponential distribution with parameter A\g. After that, the process jumps to a point x drawn
from a probability distribution with density h(z).

The time during which X (¢) = 0 corresponds to the idle period, during which there are no
customers in the station, while the jump back to the interval x > 0 corresponds to the start of
a new busy period.

Since this event is associated with the arrival of a single customer, we assume that jumps
from x = 0 always lead to the point z = 1:

h(z) =0(z—1).
We further assume, approximately, that
Ao =A.
With this boundary condition, the diffusion equation takes the form [36]

8f($7ta ZCO) g82f(:v,t, 33'0) 8f(.1‘,t, $0)

ot = 3 om By tAr®il@—1),
dp;ft) = lm gw = Bf(z,t;x0) | — Apo() , (7.7)
where
po(t) = P[X(¢) = 0]
The term

Apo(t)d(x — 1)

in the first equation describes the probability-density flow of the process to the point z =1 at
time t as a result of a jump from x = 0.

The second equation describes the evolution over time of the probability that the process
remains at the barrier. The term

. [adf(z,t;x0) _
}:l_r{%) ET - 6f($,t,3;‘0)

gives the probability density that the diffusion process reaches the barrier at time ¢, whereas
the term

Apo(t)

represents the probability density that the process leaves the barrier at time ¢.
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7.1.1 Steady state of the G/G/1 system

In the steady state, when
Jim po(t) =po,  lim f(z,t;20) = f(2),

equation (7.7) takes the form

_ ad*f(x)  ,df(z)
0 = 5~z ~ B ar T Aopod(z — 1),
o [edf(2)
0 = 1 |30 pr)| - . (78)
and its solution is the function
@(1— =, for 0 <z <1,
_) B _ 2B
f(z) = \p p= (7.9)
—5 ( - 1) e**, for = >1,

After applying the normalisation condition, we obtain

p():]-_ga

which is the exact result.

The values f(z), for z = 1,2, ..., given by the solution (7.9), are approximate values of p(n),
n=1,2,..., for the G/G/1 system.

The example data in Table 7.1 illustrate the accuracy of this approximation: it is better
when the distributions A(x) and B(x) do not deviate too far from the reference distributions,
and it deteriorates when the coeflicients of variation of these distributions differ substantially
from one.

The mean number of tasks present in the system can be approximated by

EIN] ~ /Oooznf(a:)daz
_ A_pﬂo(/Olm_ew)dx+/1°°x(e—2_1)ewdx)

w11\ [1 CRo+C%
= 2(G2) =Sl (710

This is not the only possible approximation. One may also compute the mean as

E[N] = np(n),
n=0
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System M /M /1 System M/G/1

n p(n) f(n) p(n) f(n)
0 0.2500 0.2500 0.2500 0.2500
1 0.1875 0.1875 0.1283 0.0747
2 0.1406 0.1406 0.0783 0.0675
3 0.1056 0.1056 0.0544 0.0607
4 0.0791 0.0793 0.0457 0.0547
) 0.0593 0.0596 0.0395 0.0492
6 0.0445 0.0448 0.0352 0.0443
7 0.0334 0.0337 0.0318 0.0399
8 0.0250 0.0253 0.0289 0.0359
9 0.0188 0.0190 0.0264 0.0323

10 0.0141 0.0143 0.0241 0.0291

E[N]=3.00 E[N]~3.02| E[N]=7.50 E[N]~ 751

Table 7.1: Exact values p(n) and their approximation f(n), as well as exact and approximate
mean queue lengths for the systems M/M/1 and M/G/1 (C% =5); A=1, pn=4/3

or

p(n):/ilf(x)d:z, n=123,....

In the latter case,

(7.11)

2 2
E[N] = [1 + CAQ+CB}

2(1-o)

The approximation (7.11) gives better results than (7.10) for small values of C3 and C%
combined with a low load p.

Let us generalise the above results to the case of multiple classes of customers.

Assume that the station serves K classes of customers. Each class is described by its
own arrival stream, in which interarrival times follow the distribution A%*)(z), and by its own
service-time distribution B*)(z).

The arrival stream of cla?s)k‘, k=1,...,K, is described by the distribution A*) (), with

k

mean 1/A\*) and variance (o )2, while the service time of customers of this class follows the
distribution B®) () with mean 1/u*) and variance (ag))Q.

Let the corresponding densities be denoted by a(*) (x) and b*) (), respectively. The queueing
discipline is natural; class membership does not affect the order of service.

We assume that the arrival streams of the individual classes are independent. The number
of class-k customers arriving in a time interval of length ¢ is then approximately normally
distributed with mean

AE)g

and variance

(A3 (42 = AB (P2,

Hence, the number of arrivals of all classes combined during this interval is also approxi-
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mately normally distributed, with mean

K
— Z AR
k=1
and variance
K
AC%t =AW ()
k=1

Thus, the parameters of the aggregate arrival process are

= k 2 S A® (k)\2
A=) AW, C’A:ZT(CA )2 (7.12)
k=1

k=1

For the combined stream consisting of all customer classes, the service-time density without
distinguishing customer class has the form

K
Ak
;_:)\

where A(¥) /A is the probability that a customer belongs to class k. This allows us to determine
the aggregate service parameters [40]:

K K
AW 1 2 2 AW (k)32
*:ZTﬁ CBZMZ: TW((CB) +1)

k=1 w =1

—1. (7.13)

From these we determine the coefficients o and (8 of the diffusion equation.

The solution — again given by the function (7.9) — determines the distribution p(n) ~ f(n)
of the total number of customers of all classes present at the station.

The probability that there are v customers of class k in the queue is then

> n ®\" ®\""
PP () = Z [p(n) (V> <AA> (1 - x) ] : k=1,...,K. (7.14)

7.1.2 Transient state

The solution of equation (7.7), in the case where the density function of the diffusion process
depends on time, may be obtained in the following way [22, 23].

First, we solve the diffusion equation with a boundary condition in the form of an absorbing
barrier at the point z = 0: the process terminates when the barrier is reached. To distinguish
this process from the one with returns, let us denote its density function by ¢(x,t;x¢). The
above boundary condition has the form

lim ¢(z,t;x0) = 0.
z—0

We are interested in the process starting at zp = 1. In this case, the process X (¢) describes
changes in the number of customers during a single busy period of the station — the busy
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period begins with the arrival of a single customer to an empty station and ends when the
station becomes empty again.
The solution, obtained for example by the reflection principle, cf. [18], has the form

] 82
E(z—xo)—Qat (z—zq)2 (z4z0)?
¢($, t; SUO) — ew |:€ 20‘? - 67 204? } . (7’15)

We now calculate the probability density that the process, initiated at time ¢ = 0 at the
point x = xg, reaches the barrier at time ¢, i.e. the density of the first-passage-time distribution
from x = xg to x = O:

z—0 | 2 Ox
o _ (Bttag)?
= 2 e mar (7.16)
V2rat3

The function ~; o(t) is an approximation of the distribution of the busy-period duration in
the G/G/1 system.

The operation of the station consists of alternating busy and idle periods; similarly, the
diffusion process with returns consists of alternating intervals of diffusion starting at x = 1 and
ending at = = 0, and stays at x = 0. The density f(z,t; o) of the diffusion process with returns
can be expressed as a superposition of the densities ¢(x,t — 7;1) of one-time processes with an
absorbing barrier, started earlier, at times 7 < t with an as yet unknown intensity g (7):

Yzo0(t) = lim {aaﬂ%t; ) —5¢(337t;960)}

¢
fati0) = ol i) + [ r(r)olat - i) dr. (7.17)
0
The first term on the right-hand side, the function ¢(z,t;xp), represents the fulfilment of
the initial condition — the first process, initiated at xg, which has not yet ended by time t.

If the process does not start from a single point zg, but instead the initial condition is given
by a density 1 (z), then

oz, 1) = /0 T o OVE) dE, Apolt) = /0 T eo(t)b(e) de.

The probability density of the process reaching the barrier at time ¢t is

Y0(t) = po(0)8(t) + (1 — po(0))Vzo,0(t) +/0 g1(T)y0(t —7)dr . (7.18)

The probability mass flow entering the barrier reappears, after an idle period described by
the density lp(z), at the point x = 1 as the intensity g;():

g(r) = /0 "ol — ) dt (7.19)

Equations (7.18) and (7.19) make it possible to determine the intensity gi(7). Computa-
tionally, this is more convenient if we apply the Laplace transform:
Jo(s) = po(0) + (1 = po(0))uo,0(s) + G1(s)71,0() ,
g1(s) = Fo(s)lo(s) (7.20)



7.1. DIFFUSION APPROXIMATION OF THE G/G/1 QUEUEING SYSTEM 155

where
_ — g BTV B2 H2as
Yzo,0(8) = € a

from which we obtain

lo(s)
1—lo(s)y1,0(s)

Note that the distribution of the time spent at the barrier, described here by the density
lo(x), is arbitrary. The proposed solution therefore describes a more general case than follows
from equations (7.7), which assume an exponential distribution of the time spent at the barrier.

Equation (7.17), after transformation, takes the form

g1(s) = [po(0) + (1 = po(0))Fz0,0(5)] (7.21)

f(xa S;$0) = (Z)(IL',S;.T()) + gl(s)é(‘rvs; 1) )

where s,
Pz, 5;1) = eA(C;) [e_lx_”AS) - e_‘”l'%} . A(s) =B +2as.

The inverse transform of fi (x,s;m0), i.e. the solution to the problem of determining the
density of a diffusion process with returns, is found numerically in the examples given below, as
well as in the next chapter, using the Stehfest algorithm [113]; see Appendix B. The accuracy
of the approximation may be improved by using more advanced methods for the numerical
inversion of Laplace transforms, discussed for example in [2, 16].

Figure 7?7 shows example results for the queue-length distribution in the M/M/1 system.
The system parameters are A = 0.75, p = 1; the results shown were calculated for t = 75, with
the queue initially empty. These results are compared with those of the exact analytical model,
in which the distribution values are expressed through Bessel functions. Simulation results are
also shown in the same figure.

Figs. 7?7 and 77 show changes in the average queue length for step changes in the intensity
of the input stream to an M/D/1 station, i.e. a system with constant service time (equal here
to one unit of time).

In Fig. 77, at the initial moment the system is in steady state, and the arrival rate changes
from A = 0.5 to A = 0.8. At time ¢ = 200, it returns to A = 0.5. The average queue length was

calculated as
100

- Zp(n7 t) n
n=0

where either p(n,t) = f(n,t) (results labelled “diffusionl”) or

p(n,t) :/ f(z,t)dz
n—1
(results labelled “diffusion2”).

Figure 7?7 shows analogous results for more complex changes in the input flow, including a
period during which the queue becomes unstable.

The simulation results were obtained by averaging 60,000 independent realisations of the
process N (t) for these cases.

Figs. 7.4 and 7.5 illustrate the dynamics of changes in the average queue length.
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Figure 7.1: The M/M/1 system (A = 0.75, u = 1): queue-length distribution, with the queue
empty at the initial time, for ¢ = 75; comparison of results from the diffusion model, analytical
calculations, and simulation (150,000 runs)
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Figure 7.2: Average queue length as a function of changes in the intensity of the Poisson arrival
stream \ — comparison of diffusion-approximation results and simulation; the service time is
constant and equal to one unit of time
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Figure 7.3: Average queue length as a function of changes in the intensity of the Poisson arrival
stream A\ — comparison of diffusion-approximation results and simulation; the service time is

constant and equal to one unit of time

In Fig. 7.4, at time ¢t = 0, customers begin to arrive at a constant rate A to an initially
empty queue. The average queue length E[N(¢)] increases and eventually reaches the steady-

state value E[N(00)].
Figure 77 illustrates the opposite case: at time t = 0 the G/G/1 queue is in steady state

and has the value E[N(0)]. For ¢ > 0, no new customers enter the queue, and its average length

decreases.
The shapes of the curves are very similar to the functions

1—e T and e t/T,

The time constant T' determines the duration of the transient period.
It can be seen that the rate of change depends on the value C? = Ci = C%. Figure 7?7

shows that this is approximately a linear relationship.
Similarly, the utilisation factor g of the system strongly influences the duration of the tran-

sient period, and this dependence is nonlinear — see Fig. 77.
The values of the time constant for a decreasing queue are different, but the dependence on

0 and C? is of the same nature.

7.2 Approximation of an open G/G/1 network

Let the network contain M nodes. Let us initially assume a single class of customers. The state
of the network can be approximated by an M-dimensional diffusion process,

X(t) = [X1(t), Xo(t), ..., Xae(t)] -



158 CHAPTER 7. DIFFUSION APPROXIMATION, BASIC MODELS
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Figure 7.4: Average queue length during its rise from zero to the steady-state value
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Figure 7.5: Average queue length during its decline from the steady-state value to zero
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Figure 7.6: Time constant Tj,aq during queue build-up as a function of C? = sz = C%
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Figure 7.7: Time constant Tjy,q during queue build-up as a function of g
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The component X;(t) corresponds to the number of customers at station i.
The probability density function of this process, f(x,t; xg), satisfies the equation

8f(:1:,t,m0 B ZZ 8fa:,t,:c0 Zﬁafmtmo)'

© Qr0x; Ox
zljl J v

The coefficients «;; correspond to the covariance of the process changes N;(t) and N;(t),
while the coefficients §; correspond to the mean changes of N;(t) per unit time.

Such a network model was proposed in [64]. Assuming that none of the nodes is empty,
the values of a;; and 3; were derived there, together with a solution for the steady state under

boundary conditions restricting the process to positive values of x1, ..., xas. The solution takes
the form
M
f@) =]zl e, (7.22)
i=1

provided that all elements of the vector
z=2a"'p

are negative.

The simplest way to apply the diffusion approximation to a network of stations is through
decomposition of the model [99]: the arrival rates to individual stations are first calculated,
after which each station is treated independently and described using the single-station model.
Below we outline this approach.

The value of the parameter \; of the arrival stream to station ¢ in the network is determined
by the traffic equations

M
ANi = Ao + Z )\jrji , (723)

where, as before, 7j; is the routing probability from node j to node 4, and Ag; is the intensity
of the external flow arriving at node 1.

The second moment of the distribution of interarrival times at a given station is calculated
using two relationships. The first relates the departure process of a given station to its arrival
process, while the second relates the arrival process of a station to the departure processes of
all stations in the network [40].

1. The density d;(x) of the distribution D;(z) of the interdeparture time between successive
customers leaving station i is given by the formula (exact for stations with Poisson arrivals,
approximate for G/G/1 systems) [10]

di(z) = 0ibi(x) + (1 — 0;) a;(x) * b;(z), i=1,..., M, (7.24)

where * denotes convolution.

This formula may be interpreted as follows: if the station is busy, customers depart at
intervals determined by the service time distribution, whereas after the departure of the
last customer during a busy period, one must first wait for a new arrival and then for the
completion of its service before the next departure occurs.
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The waiting time for a new arrival has the distribution A(z) in the case of a Poisson
arrival process; in other cases it is unknown and is approximated by A(x).

From (7.49) we calculate the variance, or coefficient of variation, of this distribution. The
mean value is, of course,

for station 7 in equilibrium. The coefficient of variation is
Chi = C%(1 — o) + 0iCh; + 0i(1 — i) - (7.25)

2. It is assumed that the variance of the total number of customers arriving at station j per
unit time from other stations and from outside the network is equal to the sum of the
variances of the individual components of this flow.

Thus, we assume that the flows reaching station j from different stations are mutually
independent.

Customers depart from station ¢ according to the distribution D;(x) and choose the route
to station j with probability 7;;. Therefore, the time intervals between successive customers
travelling along the route ¢ — j follow a distribution with density d;;(z):

dij(2) = di()ri; + di(x) * di(2)(1 = 135)r35 + di(x) * di(x) * di(2) (1 — 745)?rij + -
or, after applying the Laplace transform,

TijJi(S) _ .
1 — (1 —ry)di(s)

From this we calculate the mean and the coefficient of variation of this distribution:

dij(s) = di(s)rij + di(5)*(1 = rij)ri + di(s)* (1 = rig)?rig + -+ =

1
E[DZ] - )
! AiTi
Ch, = rij(Ch,—1)+1. (7.26)

The above quantities refer to the time intervals between customers travelling from station 4
to station j, whereas the number of customers travelling along this route during a time interval
of length t is approximately normally distributed with mean

)\ﬂ“ijt

and variance
[rij (CD, — 1) + 1 Niryjt .

The flows from individual stations in the network merge at the input to station j. Assuming
independence of these flows (which is an approximation), we conclude that the number of
customers arriving at station j during a time interval ¢ is approximately normally distributed
with mean

t
i=1

M
)\jt = [Z )\ﬂ‘ij + )\Oj
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and variance
M
0'124jt = {Z[T’LJ(C%Z - 1) + 1] )\irij + ng)\l)j} t
i=1
Here, the parameters \g; and ng refer to the external flow.
The variance 0124], determines the coefficient of variation C’f‘j of the distribution of interarrival
times to station j:

2 1 & 2 ng)\o]'
ckj::X;EZTUAiKCbi—])nj+-ﬂ-+ Y (7.27)
=1

For K customer classes, the traffic equations (7.23) take the form
Al —A01+ZA P =1, M, k=1, K, (7.28)

where rj( )

class k.
Equation (7.50) then takes the form

denotes the probability of transition from station j to station ¢ for a customer of

K (k)
Al
=AY ’k W2 1] + 20(1 — 05) + (CF, +1)(1 — o) — 1. (7.29)
=1 (K

In the stream of customers leaving station ¢, a customer of class k appears with probability
A
Ai

and proceeds to station j with probability

0,

The coefficient of variation (C'j(:i)j)2 for the distribution of time intervals between class-k cus-

tomers moving from station i to station j is calculated analogously to C%ij in equation (7.52),
replacing r;; with

(k)
(k) Ad

T y

Thus equation (7.52) takes the following form for K customer classes:

o2~ LN, [ WA
Aj—yzzrij i [(Ch, =Dy X, + "‘Z

Equations (7.50) and (7.52), or in the multiclass case (7.29) and (7.30), form a system that
allows the calculation of 01242" Together with the traffic intensities A; obtained from the traffic
equations, these values allow the determination of 5; and «; for each station.

In the case of multiple customer classes, the distribution of the number of customers in a
selected class is calculated according to equation (7.14).

C i
070 (7.30)
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Discussions of the approximation errors, which increase with C’i and C2¢7 can be found in
[99].

At this point, an illustrative example should be added, for instance: a network with two
stations in series, or a three-station network in which customers move from station (1) to either
station (2) or station (3), considering:

(a) one class of customers,

(b) two classes of customers.

7.3 Approximation of the G/G/1/N system

In the system denoted, according to Kendall’s notation, by G/G/1/N, the number of tasks
present at a station is limited to N. When the queue is full, subsequent incoming requests are
lost.

The Markov model of this system was discussed in Section 3.2.3. In the diffusion model of
the G/G/1/N system, the diffusion process is bounded by two barriers: the first is located at
x =0, as in the G/G/1 model, and the second is located at x = N. When the process reaches
the right-hand barrier, it remains there for a time determined by an exponential distribution
with parameter Ay, after which it restarts at the point x = N — 1. The time spent at this
barrier corresponds to the period during which the queue is full and incoming customers are
rejected; the jump to z = N — 1 corresponds to the departure of the currently served customer,
so the station can once again accept requests. We choose the value of Ay as

AN =Ll
The diffusion equations with this additional boundary condition take the form
Of (x,t;x0) _ ad*f(a,t;xg) 04 (@t 7o)

ot 2 Ox2 O
+Aopo(t)d(z — 1) + Anpn (t)d(z — N + 1),

dpo(?) = lim [QM — Bf(z,t; xo):| — Aopo(t)

dt z—0 | 2 ox
dpn(t) . adf(x,t;xp) ‘
= =i [§UEE) e <@, @)
where py(t) = P[X(t) = NJ.
dpn (t)

The minus sign before the first term on the right-hand side of the equation for =37~ appears
because the increase in the probability py(t) is caused by the process moving in the opposite
direction to that in the balance equation for dpg—t(t).

In the steady state, equations (7.31) become ordinary differential equations, and their

solution, for o = \/pu # 1, is [36]:

ipg(l—em) for 0<z<1,
— )‘po —z ZT
flx) = —B(e ~1e for 1<z<N-1, (7.32)
UPN

e N) 1) for N—-1<z<N,
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where
_ 2B

a

z

and pg, py are determined from the normalisation condition.

Note that the steady-state solution does not depend on the full distribution of the residence
times within the barriers, but only on the mean values of these distributions.

As before, by using equations (7.12)—(7.14), we can also describe the case in which the input
stream consists of K streams corresponding to different customer classes.

In the transient state, we proceed similarly to the case of the G/G/1 system: we first
consider the diffusion process starting at time ¢ = 0 at point z = zg and bounded by two
absorbing barriers at * = 0 and x = N. The density function of this process, ¢(z,t; o), takes
the form [18]

0(x — xo) for t=0,
1 > B! (x—xo — 2!, — Bt)?
o(x,t;20) = V2mat nz_:oo “P1Ta T 2ait (7.33)

/" o W/ 2

— exp [Bx" - (z =~ 20 — 2, = BY) }} for t>0,
o 2at
where
z, = 2nN, Ty = —2xg — I, .

If the initial condition is given by a function ¥ (z), 2 € (0, N), with

lim ¢(z) = lim ¥(z) =0,

xz—0 r—N
then the density function takes the form
¥(x) for t=0,
Gz, ;) =4 N (7.34)
| elatiu©de tor 1>0.
0
Let

A(s) =2+ 2as.

The Laplace transform of the function ¢(x,t;xo) is then expressed as

(. sa0) = ngz))}im{p -mm )
—exp [—WA(S)]} , (7.35)
N
B, 5:0) = /O Bz, 5 )(€) de (7.36)

The density function f(z,t;1) of the diffusion process with elementary returns contains the
function ¢(z,t;1), which represents the influence of the initial condition, and compositions of
the functions ¢(z,t — 7;1) and ¢(x,t — 7; N — 1), which are diffusion process functions with
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absorbing barriers at the points * = 0 and x = N, initiated earlier, at time 7, at the points
x=1and x = N — 1, with intensities ¢1(7) and gn_1(7):

t

[z, t5) = o, t;9) +/O gi(T)p(x,t — ;1) dr +/ gn-1(T)p(z,t — ;N —1)dr. (7.37)

0

The functions vy(t) and vy (t) represent the probabilities that at time ¢ the process reaches
the barriers at x = 0 and x = NN, respectively:

00 = po(0)() + [1 = po(0) — i (0) | 1s0(t)
+ /Ot g1(T)y1,0(t — 1) dT + /Ot gN-1(T)YN=1,0(t — T)dT,

w(t) = pw(O)3(0) + [1 - po(0) — pv(0)] (1)
+ /Ot 91(7')’717]\[(25 - 7‘) dr + /Ot gN—l(T)’YN—l,N(t — 7’) dr . (7.38)

Here, v10(t), v1,8(t), 7n-1,0(t), and yn_1 n(t) are functions describing the first-passage
time between the corresponding points, i.e.

Y1,0(t) = lim [QW — Bo(z,t; 1)] '

z—0 | 2 al’
Since

lim ¢(z,1;x0) = lim ¢(z,t;20) =0,

it follows that

v0(t) = ig%g&b(;xtl)
YN_10(t) = i%;‘%(xta;\f—l)
nlt) =~ Jim GEUEED.

The functions 7y o(t) and vy n(t) denote the probabilities that processes initiated at t =0
at point £ with intensity 1 (§) terminate at time ¢ by reaching the barrier at x = 0 or z = N,
respectively.

The intensities g1 (f) and gn—1(t) can be expressed in terms of the functions 7o(t) and vy (¢):

a(r) = /OT%@)zo(T—t)dt,

gna(r) = /0 (@) (e — tydt (7.40)



166 CHAPTER 7. DIFFUSION APPROXIMATION, BASIC MODELS

The Laplace transforms of (7.38) and (7.40) give g1(s) and gn—1(s):

as) = {po<o> + [1= po(0) = o (0)] G0 (5)

+ [P (0) + (1= p0l0) = px (0))uv(5)]

L D) [1_ (s)Mn(s)  In(s)Tv-10(5) }
T=To(s)7mo(s) |~ T=lo(s)T0(s) 1= In(s)v—1n(s)]

InN(s)n—1,0(5)
1—In(s)yn-1,n(5)

- _ Z_N(S)
1—In(s)n-1.n(5)

[Z?N(O) + (1 —po(0) — pN(O))%,N(S)

"‘91(5)’71,N(5)] . (7.41)

This allows us to determine the Laplace transform of the desired density function f(zx, ;)
for the diffusion process with returns:

f(@,5:0) = d(z,s;¢) + g1 (s)o(w, 5;1) + gn-1(s)d(z, s; N — 1) (7.42)
The probabilities that at time ¢ the process is at z =0 or z = N are
1
Po(s) = ;[%(8) —§1(S)] ;
pa(s) = <[l —ana(s)] (7.43)

As in the case of the G/G/1 system, the inverse Laplace transforms are obtained numerically.

Figures 77, 7?7, and 77 illustrate an example solution of the diffusion equation, showing
density functions for various times under the initial condition zyp = 5 and barriers restricting
the process to the interval x € [0, 10].

Estimation of the residence time at the barrier (i.e. the period during which
incoming cells are lost).

The transmission time of a cell is constant and equal to 1/D. Assume that transmission
starts at time ¢ and that X(¢) = N — 1. At some time ¢t + Z, before ¢t + 1/D, the next cell
arrives, causing X (¢t + Z) = N. The time H spent at the upper barrier, assuming a Poisson
arrival process with intensity A, has the distribution

1 17 Pr[d-v<z<E] e MP(eM—-1)
PrlH<v]|=Pr|=-Z<v|Z<—=|= D -~ =Dl _ . 44
r[H < v r[D <w —D} 7 < L] T -\/D (7.44)
Hence,

)\e)\’u
fH(v) = €>‘/D—17 (745)
and the mean residence time is
1/D 1/D 1
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Figure 7.8: Solution of the diffusion equation as a function of time, t = 0.001, ¢ = 0.005,
t=001,t=0.051t=01 N=10,\=1, y =2

0.8 T T T

Figure 7.9: Solution of the diffusion equation as a function of time, t = 0.1, t = 0.5, t = 1,
t=2;A=1,u=2
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06 T T T

1) e
oo
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poaa N

05}

04 | g

03 B

Figure 7.10: Solution of the time-dependent diffusion equation, t = 2, ¢t = 5, t = 10, t = 15,
t=20; A =1, pu=2

The losses L(t) caused by overflow of the output queue may be estimated as
L(t) =pn(t) Pr[N(t,t+ H) > 1| X(t) = NJ. (7.47)
Since it is difficult to calculate
Pr[N(t,t+ H)>1| X(t) = NJ,

we instead use
Pr[N(t,t+1/D) > 1| X(t) = N],

which is certainly not smaller than the original probability and therefore provides an upper
bound on the loss probability.

7.3.1 Network of nodes, transient analysis

Consider a network of M stations type G/G/1/N with routing probabilities r;;(t). We follow
the approach of [40] developed for the steady-state network model, then adapted to transient
analysis in [28]. Here we introduce additionally, for the needs of SDN, the time-depending
routing.

The first objective of the network model is to decompose the network: to determine the
input flows at every station and then apply the single server model of the previous section to
each station separately.

In the transient state, we should distinguish at any station ¢ the input flow \;_;,(¢) and the
output flow \;_ oy (t)

)\i—out(t) = [1 - pOi(tﬂMi
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which are different; po;(t) denotes probability that the station i is idle at time ¢, i.e. the diffusion
process related to this station is inside the barrier at x = 0. The term 1 — pg;(t) = o; presents
probability that the station ¢ is busy and customers are leaving it with the rate p;.

The traffic equations balancing the flows of stations are

Xizin(t) = Aoi(t +ZAJ out ()75 (t) , i=1,...,M, (7.48)

where the first term \g; represents traffic flow coming from the outside of the network directly
to station 1.

As mentioned earlier, routing probabilities 7;;(t) are changing each interval A following
decisions of the controler, remaining constant inside the interval, and flow parameters may
change every interval 6 < A; we assume for simplicity A = nd, in numerical examples below
n = 10. This way all model parameters are constant witin intervals 6 when the solution (?7?) is
computed.

Denote by faj(x,t) and fgj(x,t) the density functions of interarrival and service times
distributions at station j. The pdf fp;(x,t) of the interdeparture times from this node at time
t may be expressed as

foj(a,t) = 0j(t) fj(w,t) + [L — 0j ()] fa;(x, 1)  fpj(x,t) ,  j=1,....,M, (7.49)

where * denotes the convolution. The first term of the right side in (7.49) represents the
interdepature times of packets when the node j is working and the second term gives the
interdeparture times when it is idle. The formula (7.49), known as Burke’s theorem [?], is exact
for Poisson input (the pdf of the idle period distribution that should be used in the second term
of (7.49) is the same as fa;(x,t)) and approximate in other cases. From (7.49) we receive

Ch;(t) = 05 (1)CF;(1) + C4; (1) (1 — 05(1)) + 05 (1)1 — 25(1)] - (7.50)

where C’lz)j (1), C%j(t), Cij (t) are time-dependent square coefficients of variation of interdepar-
ture, service, and interarrival times, respectively. Packets leaving the node j according to the
distribution fp;(x,t) choose any node ¢ with probability r;;(¢) and the times between packets
routed from node j to i has pdf fj;(x,t)

il t) = fpj(@, t)rji(t) + fpj(x,t) * fpj (e, )[1 = rji(t)]r;i(t) +
Iy, ) * fpj(w,t) * foj(, )L = rji(®)rji + - (7.51)
i.e. a packet leaving station j goes to station ¢ with probability r;j;(¢) or with probability

1 — 7;i(t) it goes elswhere but the second goes to i with probability 7;;(t), hence the gap has
has pdf fpj(x,t) * fp;(x,t) with probability [1 — r;;(t)]r;(t), etc, or, after Laplace transform

fii(s,t) = fpj(s,t)rja(t) + fpj(s,)?[1 = rji(t)]rji +
+ fpj(5,8)> (1 = rja(1))?rji + -+
r5i(t) fi(s,t)
L—[1 =7yt )]fz(s t)

and we compute the squared coefficient of variation

Ci(t) = ru()[Ch;(t) —1]+1.
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and then the parameters of the input flow at station i are given by (7.48) and (7.52)

1

Cai () Moi ()

(7.52)

M
o) 2 N OB = 1r®) 411 +

where the parameters \g; and ng’ refer to the flow coming to station ¢ from outside of the
network.

Egs. (7.50), (7.52) form a system of linear equations yielding C%,(¢) and, in consequence, the
diffusion parameters §;(t), a;(t) for every node i. At each interval 0, functions f;(z, t; ;) giving
queue distributions at every station i for ¢t € § are computed. Their valuest at the end of the
interval yield, among others, the current utilisations p; used to determine the flow parameters
and diffusion parameters for the next interval §. This way the flow parameters change each §
and routing changes each A = nd.

The pdf fr;(x,t) of the current response time (waiting time plus service) is determined using
the first passage time from the end of the queue to zero.

The first passage time of the diffusion process from x¢ to = 0 has the density function [?]

xo _ (Bt+1)?
Yzo,0(t) = 7W€ 2at

with the Laplace transform

_  _ap B+VB2%+20as
Yzo,0(8) = € @ .

The starting point z is determined by the function f;(z,¢;1;) hence

N
fri(w,t) :/o Ye,o(x) fi(§, ts i)dE

If fri(z,t) is the response time pdf at node 4, then the response time pdf fr(x,t) for the
path 1,...,n of n stations is

fr(x,t) = fri(x,t) * fro(x,t) * fr3(x,t) * -+ * fra(x,1),
or

n
fr(z,s) =] fri(e, ).
i=1
The loss probability pj.ss(t) for same entire path may be computed from

1 — Pross(t) = (L —pn1(t))(1 — pn2(t)) (1 — paa(t)) ... (1 — pan(t)) (7.53)

where py;(t) is probabiliity that the queue at station i is saturated at time ¢, i.e. the diffusion
process for this station is at time ¢ at the barrier x = .

Example 7.1
The network consists of three stations connected in series — see Fig. 7. The input intensity
18
A=0.1 forte[0,10], A=4.0 fort e [10,20].
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\“*\h,‘ diffusion ----
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Figure 7.11: M/M/1 station wit parameters A = 0.75 and p = 1 Queue distribution at t = 75
results of diffusion approximation and simulatin.

All stations are identical: initially, each queue contains
N;(0)=5
tasks, the maximum queue length is
N; = 10,
and the parameters of the service-time distributions are
i =2, Cg =1, i=1,2,3.
Determine the evolution of the mean queue length at the stations over the interval
t € [0,40].

Figure 7.16 shows the changes in the mean queue length as a function of time. The first
station reacts most strongly to changes in the load, whereas the changes are mildest at the third
station.

|
Example 7.2

Figure 7.17 shows a system consisting of six stations and three sources. The source charac-
teristics vary over time as follows:
source A:

Aa=0.1 fortel0,10], Aa=4.0 forte[10,21], Aa=0.1 forte[21,40],
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T T
t=10, step by step —
t=10, without steps
t=30, step by step -----
=30, without steps
t=150, step by step ---
t=150, without steps -----

1e-10 | —~ SN 1

1e-20 I I ot E 1 G 1 i 1
0

Figure 7.12: Model 1: mean queue lengths at successive stations as functions of time — results
of the diffusion approximation and simulation (100,000 runs); also shown is the input intensity
A(t).

source B:

Ap=0.1 forte]|0,11], Ap =4.0 fort e [11,20], Ap =0.1 fort € [20,40],

source C:

Ao =0.1 fortel0,15], Ao =2.0 forte[lb,22], Ao =4.0 fort € [22,30],

Ac =20 forte[30,31], Ac=0.1 forte[31,40].

The service rate of station 6 also depends on time:
pue =2 fort € [0,15] and t € [31,40], ue =4  fort € [15,31].
The remaining parameters are constant:
N; = Ny =10, N3 =5, Ny = N5 = Ng = 20,

The transition probabilities between stations are
T12 =713 = T14 = 033(3), re4a = 0.8.
The initial queue lengths are

Ni(0)=5,  Ny(0)=10,  Ns(0) = 10,
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Figure 7.13: An error in the numerical inversion of the Laplace transform for the Heaviside step
function H(t) as a function of the parameter N in the Stehfest algorithm

Ni(0)=5,  Ns(0)=5,  Ng0) = 10.

Determine the mean queue lengths as functions of time.
The results of the calculations are shown in Figs. 7.18, 7.19, and 7.20. As can be seen, they
are not easy to predict intuitively. The results were compared with simulation data.

7.4 Diffusion model with state-dependent diffusion parameters

In the G/G/1 and G/G/1/N systems, the input and output flows are independent of the number
of tasks present at the station. The situation is different in the case of a station with multiple
service channels, where the output flow depends on the number of occupied service channels,
and in the case of a system with a limited customer population: the more customers are present
at the station, the fewer remain outside it, and hence the less frequently new arrivals occur.

In such cases, changes in the number of tasks in the system depend on the number of tasks
already present. We must take this into account in the diffusion model by choosing diffusion-
process parameters that depend on the state of the process, that is, 5(z) and a(z).

7.4.1 The G/G/1//N system model

In the model of a station with a limited population, we must take two facts into account:

e the number of potential customers is limited to IV, and therefore the number of customers
present at the station can never exceed N;
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100000
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Figure 7.14: The error in the numerical inversion of the Laplace transform for the Heaviside

step function H(t) as a function of computational precision (the number of decimal places used

in the calculations)

stacja 1 stacja 2 stacja 3
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Figure 7.15: Model 1
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9 T T T T T
; source ——
g i station 1, diffusion -----
gL i station 1, simulation ----- B
/ W station 2, diffusion
/ I station 2, simulation
/ " station 3, diffusion
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Figure 7.16: Model 1: Mean queue lengths at stations, results of the diffusion approximation
and simulation (100,000 runs).
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Figure 7.17: Model 2.
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20 T T T

station 1, diffusion —

station 1, simulation —--
18 - AN station 2, diffusion ----- B

S station 2, simulation

r 5 source A ——-
16 - Wy source B ----- d
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Figure 7.18: Model 2: Mean queue lengths at stations 1 and 2, results of the diffusion approxi-
mation and simulation (100,000 runs); the source A and B intensities are also shown.

10 ; T T T
station 3, diffusion ——
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0 —— 1 t
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Figure 7.19: Model 2: Mean queue lengths at stations 3 and 4, results of the diffusion ap-
proximation and simulation (100,000 runs); the source A, B and C intensities are also shown
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station 5, diffusion —
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Figure 7.20: Model 2: Mean queue lengths at stations 5 and 6, results of the diffusion approxi-
mation and simulation (100,000 runs); the source A, B and C intensities are also shown

bariera bariera
gN;—= (f) A/A“L\l'i (T)
I EEE— [
%}\l‘,; (f) .(/1\'71+E(t)
N, —= N, . N; Ni+e !

Figure 7.21: Flow balance for the barrier at x = N;
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e since the number of customers is limited, the arrival rate depends on the number of
customers already present at the station — the more customers there are at the station,
the less frequently the next one arrives.

The first of these facts can be represented by placing, as in the model of a bounded queue,
a second barrier at x = N: when the process X () reaches it, it remains there for a time having
an exponential distribution with parameter Ay (we assume this to be the reciprocal of the mean
service time, that is, Ay = p), and then jumps to the point z = N — 1.

The barrier at x = 0 behaves as before: it holds the process for a random time, after
which diffusion resumes at * = 1. We assume that the time spent at the barrier x = 0 has an
exponential distribution with parameter

Ao = N,

where 1/\ is the mean residence time of any task outside the station, that is, the time elapsing
between the completion of service and the return of the customer to the queue.

The assumption concerning the distribution of the residence time at the barrier affects only
the transient-state solution; the steady-state solution depends only on the first moment of this
distribution [37].

The second fact is taken into account by assuming that the coeflicients of the diffusion
equation are not constant, but depend on the value taken by the process:

a=a(z),  f=p)

The diffusion equations then take the form

of(x,t;x 1 02 0
FEbt0) L aw) (o t0)) — o 18, 0]
A5 — 1)+ Anpa(3(z — N +1)
DO g £ falo) (o) — 5 o) | o)
DO~ iy {5 fa7 (o) + ) ot b~ Awx(t), (759

where po(t) and py(t) are the probabilities that the process is at the barriers:
po(t) = PIX(t) =0,  pn(t) = P[X(t) = N],

and 0(x) is the Dirac delta distribution.
Let us assume that the coefficients 5(z) and «(z) are constant on intervals:

B(x) = Bn, a(r) = ap, z € [n—1,n), n=1,...,N.

In steady state, equations (7.54) take the form

2
0 = %d Z;ng) - ﬁndfgix> + Aopod(x — 1) + Anypnd(z — N + 1),
n=1,...,N,
o = i [ )] .
d
0 = - lim [O;N fi\l[:ix) - 5NfN(93)] — ANDN - (7.55)
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If we assume that:

e apart from jump points, the barriers behave like absorbing barriers, which corresponds to
the conditions

lim f(z,t;x0) = lim f(z,t;20) =0,

e the function f(x) is continuous:
fn(n) = fra(n), n=1,...,N—1,

e there is no probability-mass flow between intervals in regions where no jumps occur, that
is, for x € (1, N — 1),

oy, dfn(x)
2 dx

— Bufa(x) =0, z € (n—1,n), n=2,...,N—1,
then we obtain the solution of equation (7.55) [20]:

AoPo (1 — en7)

—bh for 81 # 0
- <
fl(l') 2)\0p0x for ﬂlzo 0<z <1,
a1
Zn(x—n+1
@) = fn—1(n—1)e ( ) for B, #0 n—1<z<n,
S fo—1(n—1) for =0 n=2,...,N—1, (7.56)
PPN [ezN(x—N) . 1i|
In(z) = _gN for By #0 N_l<p<nN
an
where
205,
Zp = — .
On

In the case of a single customer class, we assume
Brn=(N—n+1)A—u,

an = (N —n+1)ACA + uC%, x €[n—1,n), n=1,...,N.

In the case of multiple customer classes, let the customer population consist of K classes
and be described by the vector

N = [NO N NE)

where N*) denotes the number of customers in class k, and

K
Z N® = N,
k=1
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Each class has its own interarrival-time distribution A®)(z) and service-time distribution
B®) ().

Let 9%) denote the probability that a customer chosen at random from the population
outside the station belongs to class k, and let ¢'®) denote the probability that a customer
chosen at random from the station queue belongs to class k.

To determine the parameters of the arrival flow, we sum the variances of the numbers of
arriving customers of the individual classes per unit time:

K
Ve, I O INCTel Rl
k=1
We represent the aggregate service-time distribution as

K
b(x) =Y q*bM (),
k=1

and then calculate its mean and variance:

1 ~ 0 N
© k=1 k=1 K
K (k) 2
2 2 q (k)
c% = u Z( o) <C’B + 1) —1. (7.57)
k=1 K

Hence the coefficients «,, and 5, are

K
B = (N=nt )Y 0OAD
k=1
an = (N—n+1)ACE + uC% . (7.58)
We determine the probabilities ¢*) and 9(¥) by an iterative method [20]:

1. Initially, we assume
k
) _ gy _ N
N )
which is exact when all classes have identical distributions.

2. We determine the distribution p(n) from the function (7.56), and in particular the station
utilisation factor

0=1-p(0).

3. We determine the average waiting time in the queue, E[W], which is the same for cus-

tomers of all classes:
E[N] -0

op

Here, E[N] — o is the average queue length (excluding the customer currently in service),
while ot = A is the station throughput.

E[W] =
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4. We recalculate the values of 9*) and ¢*:

N (k) -1
9k AR =1 4 BIW] + pk) -1
)\ 1

Z - NE‘M/ —
[)—1 1)—1

N (BE[W] + p®) —1)
(k)1 (k) —1
NO(EW]+u®1)

Z l)— 1) —
z:1)‘() Ly EW] + p®-1

5. We return to step (2) until convergence is achieved.

A system with a finite population of tasks that return to the queue after completion of
service is the classical model known as the machine-repairman (or finite-source) model and is
used in operations research to describe many situations.

The diffusion approximation allows this model to be generalised to multiple customer classes
and arbitrary distributions of interarrival times and service times. The solution is, of course,
approximate, but its accuracy is acceptable [20]. Below, we apply the finite-population model
as a component of the closed-loop system G/G/1.

7.5 Approximation of the G/G/c/N system

We can also use the solution (7.56) to describe a system with multiple service channels: let this
be a G/G/c/N system, i.e. a system with the number of tasks limited to N, equipped with ¢
parallel service channels.

The coefficients of the diffusion equation for this model are:

BTL = )‘_nlua
an = AC%+nuC%, z € [n—1,n),
n=1,...,c—1, (7.60)
56 = >\_C/~L>
ac. = AC%+cuCh, z€lc—1,N).

That is, we assume that the interval z € (0,1) corresponds to the operation of one service
channel, the interval = € (1,2) corresponds to the operation of two channels, and for z €
(c— 1, N) all service channels are active.

7.6 Approximation of a closed network of G/G/1 systems

Let a closed network of M systems of type G/G/1 contain N customers belonging to a single
class. The matrix

defines the transition probabilities between stations.
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To analyse the operation of individual stations in this network, one can apply the G/G/1//N
model of a service station serving a finite population of at most N customers. A given station
views the remainder of the network as an external source capable of generating no more than
N customers.

The parameters of this equivalent source must be determined iteratively. This is necessary
because the parameters of the input stream to a given station depend on the utilisation factors
of the other stations, which in turn depend on the parameters of their own input streams; this
dependence is nonlinear.

The following network analysis algorithm is proposed:

1. For each station 4, i = 1,..., M, replace the rest of the network by an equivalent source
generating customers at time intervals with a Poisson distribution having parameter A(n),
n=1,...,N.

Initially, we assume that all stations other than station ¢ have exponential service-time
distributions and solve the remainder of the network using the BCMP model.

The parameter A\(n), n = 1,..., N, is the throughput of the network in which station 4
is excluded from service, that is, we assume 1/p; = 0 when there are n customers in the
network.

The Markov model then allows us to determine the utilisation factors
0j, j=1,...,i—1i+1,..., M,
for all remaining stations in the network.

2. We then take into account the actual service-time distribution and, using the approxi-
mate utilisation coefficients g;, calculate the second moments of the output flows of the
individual stations, C%j:

Ch; = Ch;(1 = 0j) + 07CB; + 0;(1 — o)) (7.61)

and the second moment of the input flow to the station 7 under consideration:

| =

2 _
Cai =

>

7

M
eri/\j [(Ch; = Drji +1]. (7.62)
=1

3. Using the solution (7.56), we determine p;(n), and subsequently the new values of the
utilisation factor

0;=1-— pi(o)v
the throughput
Ai = 0ifbis

and the coeflicient C%i.

4. We use the parameters determined in the previous step to recalculate C’ij and p;(n) for
each station, and then return to step (2) until the iteration converges to a fixed point.
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5. Finally, we check whether

and, if necessary, rescale the results.

Comparison with simulation indicates that this approach is recommended for a single cus-
tomer class; for multiple classes the accuracy of the results is unsatisfactory, particularly when
the service-time distributions in the network differ significantly from the exponential distribu-
tion [115].

7.7 Approximation of the G/G/1 station with preemptive pri-
ority policy

Let K be the number of task classes arriving at the station. The method for determining the
parameters specific to class k, k = 1,..., K, is the same as in the case of a multi-class queue
with natural priority, Subsection 7.1.1.

We assume that priority decreases as the value of k increases: tasks of class 1 have the
highest priority, whereas tasks of class K have the lowest priority.

For customers of class k, the presence of tasks of lower-priority classes, that is, classes
k+1,...,K, is irrelevant. Let o) denote the load on the station generated by class-k tasks,

and let i
RK) — Z Q(i)
i=1

denote the total load due to tasks of classes 1,...,k.

Taking into account that a task can complete service and leave the system at time t only if
it is present in the system and there are no higher-priority tasks waiting, the departure process
for tasks of classes 1,...,k can be expressed as

(4)

- 0
(i)
; R0

where D denotes the departure process of class i in the case where only that class uses the
station.

The diffusion process describing the total number of tasks of classes 1,...,k at the station
has parameters

ﬂ(k):Z)\() ZR(k i7

=1
N LI ) B
o =3 X0 430 L0,
i=1 i=1
By solving the diffusion equation with these coefficients, we obtain a density function ap-
proximating the number of customers of classes 1,...,k present at the station.
Let P%)(n) denote the distribution of the total number of customers of classes 1 .k, and

let p*)(n) denote the distribution of the number of customers of class k alone.
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For the highest-priority class,

For the remaining classes,

PO ) = 3" PED (- ) p0)(5), (7.63)
=0
which implies
PR () — o ple=1) (n — ) p®)

PE=1)(0)

The time from the start of service of a task of class k until the completion of its processing
is called the completion time, denoted C'*).

It is equal to the sum of the service time of the task itself and all interruption intervals
caused by the arrival of higher-priority tasks of classes 1,...,k — 1. Each such interruption
interval has a duration corresponding to the busy period of the station generated by tasks of
classes 1,...,k — 1.

7.8 Fork—Join Model

A diffusion approximation can also be used to describe the fork—join system. An input stream
with parameters 1/\g and Cflo splits at the fork into L streams. More generally, we may assume
that a task is directed to branch ¢ with probability p;. We may also assume that service times
in the individual branches are different and arbitrary, with parameters 1/u; and a%i.

The input parameters of the individual branches are then

\i = Dpido C% = (C% — Vp; +1. (7.65)

Knowing these parameters, each of the L parallel stations may be treated as independent,
and their analysis presents no difficulty. We can also calculate the output flow from each of
these stations. The input flow to the join queue is then determined as the superposition of the
output flows from the parallel stations:

L L
1
Ar =\, Ci= Y > ACh; . (7.66)
i=1 =

For the join queue, a new diffusion model must be developed, based on supplementing the
diffusion process with discrete downward jumps.

7.8.1 Diffusion model of the join queue

Let the process X (t) be defined on the interval [0,S]. The interval (0,S5) is divided into @
subintervals of equal length L, such that S = LQ. We assume that L > 1.

We call the interval (0, L) the first interval, and the interval [(i — 1)L, iL), i = 2,...,Q, the
i-th interval.

In the first interval, X (¢) is an ordinary diffusion process. In the remaining intervals, in
addition to diffusion, the process may make jumps of fixed length L, from point x to point
x — L, thus moving from interval ¢ to interval ¢ — 1.
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Jumps in interval ¢ occur with rate ~;, which is constant within that interval. The density
function of the process in interval i is denoted by f;(z).
The steady-state equations describing the process take the form

' gdzcjz?;(zx) -0 dfclzgcx) + Aopod(@ — 1) + 72 fa(w + L),

0 = gd?;(zx) - 5df;§f) —vifi(z) + viy1 firi(x + L) i=2,...,0—-1,

= gdzf;iz(x) - 5df§f) —Qfq(x) + uspsd(z — LQ + L) ,

0 = tin [5U)  5)| < o

0= B dfgix) — b Q(i)] — HsPs - (7.67)

We assume that the function f(x) is continuous:

fitiL) = fi+1(iL) , t=1,...,Q -1, (7.68)

and that the probability mass flows between adjacent intervals are balanced:

. (i+1)L
lim @ dfilz) _ 5f¢(55)} = %’+1/ : fir1(@)de i=1,...,Q - 1. (7.69)

z—il | 2 dx L

We first solve the equations for the Q-th interval. The function fg(z) is the sum of two
exponential terms with exponents zg 1 and zg o:

fQ(ZE) = Q171" 4 ¢ e . (7.70)

The coefficients z; 1 and z; 2 are determined from

2 2
(6 «
hence
B B* 2y
Zil = — — ) )
(6% (6] (6]
2 e
Zi72:é+ 672—’_&7 ZZ277Q
(6% (6% «

From the boundary condition at z = S, we calculate the coefficients c 1 and cq 2 as functions
of the product pugpg, whose value is not yet known:

2,“5175 e—zles 7

C 1=
“1 T alxqr - 202
—2
Q2 = __TORSPS e @25
a (21 — 2Q.2)
For each interval i, i = Q — 1,..., 1, the diffusion equation defining f;(x) contains the term

fi+1(z + L). Therefore, the function f;(z) consists of exponentials containing z; 1, 2;2, and all
z-coefficients that appear in fi11(z + L).
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Thus:
fo-1(x)
is the sum of four exponential terms,

fo—2(2)

is the sum of six exponential terms, and so on.
The general solution therefore takes the form

fi(z) = ZCi,mezi’mw ;
m

where the coefficients ¢; ,,, are determined recursively from the continuity conditions (7.68), the
balance conditions (7.69), and the boundary conditions at z =0 and x = S.

Q-2
P(z) = cia+cie™? + g [c1,2043€7H21F + ¢ 91 4€71H2:27]
1=0
for0<z <1,
Q-1
b
i(@) = [c1 2041711 + € 914 0€% 127
1=0
for1 <z <L,
Q—i
filx) = [Ci,0141 €71 + ¢ 01 0€7H127]
1=0

for i —1)L<z<iL, i=2,...,Q. (7.71)

Conditions (7.68) and (7.69) allow the coefficients ¢; ; to be expressed in terms of previously
calculated coefficients:

—2’)/2'4_1 1 1
Z; L

Ciglyl = o~ Cit120-1€ ! - )
«Q (Zi,l Zi,2) Zi4l,1 — 2,1 Zi4l1 — 24,2

—2’7¢+1 1 1

2; L
——————Cit121-1€""? - .
a(zi,1 — 2ip2) Zitl2 — %l Zikl2 — %i2

Normalisation determines the value of the product uspg, and thus the correct values of all
coefficients ¢; ;.

Ci, 2142

The back-stepping diffusion process represents the total number of tasks from all parallel
branches and different generations present in the join queue. When all L sibling tasks from
a given generation are present, they merge and leave together; consequently, the queue length
decreases abruptly by L.

The length of the join queue is unlimited. The probability of completing a generation and
leaving the queue increases with the queue length. In the model, this is described by the
dependence of the coefficient v on the value of the process:

v =) .
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This probability also depends on the distribution of service times in the individual branches,
which affects the time interval between the completion of the first and last task in a given
generation.

If all L parallel branches operate at the same rate, we may, as a first approximation, assume

’yi:(i—l))\o, i:2,...,Q.
The diffusion process is restricted to the interval
o<z <8S.

The value of S must be sufficiently large so that the probability pg of the process being at
the right-hand barrier is very small, that is, increasing S further does not significantly change
ps. However, ps cannot be exactly zero, since all coefficients ¢; ; are determined as functions of
HSPs-

Note that any configuration may be placed between the fork and join stations, and this does
not create difficulties in determining the coefficients A\; and Cf‘j.

The advantage of the method is that it can handle arbitrary input streams and arbitrary load
distributions across the parallel branches. Its disadvantages are the risk of numerical instability
and the unresolved problem of selecting the coefficients ;.

7.9 Approximation of waiting time in the G/G/1 system

Apart from approximating the number of tasks in the system, the diffusion process may also
be used to approximate the waiting time. There are far fewer works devoted to such models;
see, for example, [35, 46]. The following results are taken from [21, 22].

Let W (t) denote the waiting time in the queue for a task arriving at the system at time ¢.
We retain all previous notation concerning the arrival process and the service-time distribution.

The arrival of a new task increases the value of this random process by a jump equal to the
service time of the new task, which is a random variable with density b(z).

Apart from arrival epochs, provided that W (t) > 0, the process decreases linearly as the
server operates and the waiting time is reduced.

The mean and variance of the diffusion process X (¢), which approximates the waiting time,
are described by the parameters (cf. [38])

A A
=——1, =2 (C%+C%) .
B p a MQ(A B)

Jumps from the barrier placed at x = 0 correspond to the arrival of the first customer in a
new busy period and have a random magnitude determined by the density b(x). Thus, the first
term of equation (7.7) takes the form

8f(.’17, t7 xO)
ox

Of (x,t;xp) _ g@Qf(:z:,t;xg) 3

ot 2 0x2 + Apo()b() - (7.72)

which, in the steady state, yields a solution that depends on the form of the service-time
distribution B(x):

>\ o0
fo) =220 [T ) e,
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where

2
z=—".
o
In the case of an exponential service-time distribution,
B(x)=1—¢eH",
we obtain
2Apg 1
o pu+z

(e” — e*‘“) i

fz) =

This result can easily be extended to service-time distributions that are linear combinations
of exponential distributions. For example, for the second-order Cox distribution,

b(x) = (1 —a)ure " +apje "% % puge H2* |

the density function of the diffusion process takes the form

_2>\p0 bl Zr _ T 1T b2 Zx 2T
fla) == [mﬂ(e M) b (e

The Chapman—Kolmogorov equation
flz, t;y, T / flw,uyy, ) fx, t;w,u) dw

follows from the relation

Z n! aag:n n(@,0)] -

n=1

For the transient state, the solution can be determined through the superposition of
densities ¢; see equation (7.15), which describes the diffusion process with an absorbing barrier
at z = 0, similarly to the case of the diffusion process approximating the number of customers;
cf. equation (7.17).

The only difference is that the component processes described by ¢ no longer start at the
point zg = 1, but rather at points £, distributed according to the probability density b(¢):

f(t;20) = (£ 20) + / / Ot — 75 ) b(E) dE dr . (7.73)

The probability flow g(7) of the process leaving the barrier at * = 0 and jumping to an
arbitrary point ¢ is determined in the same way as the flow g1 (7) in equation (7.19).

When determining the flow ~(t) entering the barrier, we must now take into account the
different starting points £ of the process:

t o0
0(t) = po(0)a(t) + (1 = p0(0)) Yo 0(¢) +/0 9(7)/0 Yeo(t —7)b(&) dEdr . (7.74)



Chapter 8

Diffusion approximation,
applications

The examples of the use of diffusion approximations presented in this chapter relate to the mod-
elling of phenomena associated with information transmission in modern wide-area integrated-
services networks. This is an area in which queueing models are currently proving particularly
useful.

Information streams are heterogeneous in nature; some, such as voice transmission, have a
nearly constant intensity, which results either from the nature of the medium or from the use
of buffers that smooth fluctuations in the intensity of the transmitted information. For such
streams, a constant link bandwidth can be allocated; other services, such as video transmission,
distributed computing and the associated data exchange, interconnection of local-area networks
via an ATM network, or access to multimedia databases, are characterised by highly variable
information flow rates. The maximum transmission rate may exceed the average traffic rate
many times over, sometimes by an order of magnitude or more. Periods of high traffic intensity
alternate with periods during which traffic is relatively low.

Allocating to such users a bandwidth corresponding to their maximum requirements would
result in highly inefficient use of network resources. Therefore, variable bit rate services are
introduced, in which bandwidth is allocated statistically rather than deterministically. The
total link bandwidth is significantly lower than the sum of the maximum traffic rates generated
by all users. It is assumed that the probability of simultaneous peak demand from several users
is sufficiently small.

As a consequence, network traffic is subject to random fluctuations, and the average traffic
load should remain sufficiently high to ensure good utilisation of network resources. However,
it also introduces the risk of congestion.

At times of increased traffic intensity, queues of packets waiting to be transmitted at network
nodes begin to grow. Packets are stored in finite buffers, and therefore it may happen that,
during periods of heavy traffic, the buffer becomes full and newly arriving packets are lost. The
buffer size must therefore be chosen so that the probability of loss is sufficiently low.

Depending on the packet contents, packet loss and the delay caused by retransmission may
be more or less significant. For ordinary data transmission, losses are usually less critical; for
moving-image transmission, such as teleconferencing, packet loss is much more problematic.

For this reason, packets are often divided into two categories: high-priority and ordinary
packets. The buffer size and the queueing discipline must be selected so that the probability of

189
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losing a high-priority packet is, for example, of the order of 107!2, whereas the probability of
losing a lower-priority packet may be of the order of 1076.

Buffers should therefore be dimensioned so that, given the statistical properties of the traffic
stream, they can absorb temporary increases in traffic intensity, while ensuring that the prob-
ability of loss due to buffer overflow remains below the required threshold. This is one of the
fundamental parameters determining the quality of network service.

Since packet-loss events are very rare, the use of simulation for modelling network traffic
becomes extremely time-consuming. For example, if the loss of a high-priority packet occurs on
average once per 10'? transmitted packets of that class, then it would be necessary to simulate
the transmission of approximately 10'6 such packets in order to obtain statistically significant
results.

8.1 Packet-switched networks

We now present an example of the use of the diffusion model of an open network of G/G/1
nodes to analyse the steady-state behaviour of a packet-switched network with variable-length
routing paths.

Example 8.1

A packet-switched network is to be analysed whose topology is shown in Fig. 8.1. The black
points denote the network nodes. We assume that the packet streams generated by users at node
1 arrive according to a Poisson process with intensity Ag;.

Packet traffic in the network is described using two matrices. The matrix D contains el-
ements d;j, which specify the proportion of packets generated at node i whose destination is
node j. The element c;; of matriz C specifies to which outgoing link packets currently at node
1 should be directed if their final destination is node j.

Packet routes are therefore determined statically and do not depend on the current state of
the network.

Assume the following data:

0.00 0.20 0.10 0.40 0.30
0.20 0.00 0.10 0.25 0.45
D= | 015 0.15 0.00 0.30 0.40
0.20 0.10 0.60 0.00 0.10
0.25 0.15 0.50 0.10 0.00

0 1 1 1 10
2 0 3 12 12
C=|4 4 0 5 5
T 7T 6 0 7
9 11 11 8 O

All packets are assumed to have the same size of 1000 bits. The transmission rates in the
links between the nodes are: for links Iy, la, l3, and ly, 9600 bits/s; for the remaining links,
96000 bits/s.

Consequently, the service rates at the stations representing the links are

1 = po = p3 = g = 9.6 packets/s,
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ps = -+ = 12 = 96 packets/s.

The intensities of the external packet streams, expressed in packets per second, are
Ao1 = 4, Ao2 = 6.3, Ao3 = 7.8, Aog = 8.5, Aoz = 9.6.

The network configuration shown in Fig. 8.1 corresponds to the queueing-network model
shown in Fig. 8.2. In addition to the five external arrival streams \g;, there are also output
streams )\;g, which represent packets leaving the network after reaching their destination.

Since each of the five input streams follows a specific route through the network, it is natural
to interpret them as separate customer classes. For example, packets entering through stream
Ao1 form class 1 and propagate through the network as shown in Fig. 8.3a, while packets entering
through stream Ags form class 5, whose path is shown in Fig. 8.3b.

The virtual packet routes defined in this way mean that class 1 sees the network as a sequence
of service stations as shown in Fig. 8.4a, while class 5 sees the network as the system shown in
Fig. 8.4b.

The matrix C determines which stations belong to the same route, while the matrix D
determines how traffic is distributed across the stations on that route. The non-zero transition
probabilities TS) and rg)) between stations ¢ and j for the two classes mentioned above are
shown in Fig. 8.4.

Since all packets have the same size, the analysis can be simplified by treating all packets
as belonging to a single class and calculating transition probabilities r;; common to all pack-
ets, while taking into account the relative proportions of the individual traffic streams in the
aggregate flow.

The network fragments shown in Fig. 8.4 then take the form shown in Fig. 8.5, where the
corresponding non-zero transition probabilities for the network elements are also given.

Table 8.1 contains a comparison of the simulation results, the BCMP Markov model (using
calculations based on the MVA algorithm), and the diffusion approximation. The calculations
were performed using the AMOK package.

In this case, the BCMP model is only approximate, since it requires the assumption of
exponentially distributed transmission times, whereas in reality the transmission times are
deterministic.

In the diffusion model, we assume

C%, =0, i=1,...,12,

because the service time is constant and therefore its variance is zero. The service rates p;
are given directly in the problem statement, while the traffic intensities A; are calculated from
equation (7.23). The coefficients C?; are determined from equations (7.50) and (7.52). These
values are then used to calculate the diffusion parameters 5; and «; for each station, which is
subsequently treated as an independent G/G/1 system.

The table presents the average number of packets in each link. The corresponding trans-
mission delay for a link can be obtained by multiplying the average number of packets by the
constant transmission time of a single packet.

It can be seen that, under light traffic load, the diffusion model and the BCMP model
give similar results. However, for the more heavily loaded links Iy,...,l4, and especially for
the overloaded link /3, the BCMP model overestimates the queue lengths. The assumption of
exponential service times in the BCMP model generally leads to larger queue estimates than
those observed in simulation.
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In contrast, the diffusion approximation tends to underestimate the actual queue lengths in
this example, although it remains closer to the simulation results than the BCMP model for
the more heavily loaded links.

)\()2 )\U‘j

)\Ul )\()4

t

}‘()5

Figure 8.1: Configuration of the modelled network

8.2 Information flow control at the network input

The widespread use of devices transmitting information at variable bit rates (VBR devices),
together with the use of statistical multiplexing, means that traffic-control mechanisms must
ensure a reasonable compromise between link utilisation and quality of service. Quality of
service, measured for example by the probability of packet loss and the variation in packet
delay, naturally deteriorates as the network load increases.

Modern high-speed networks incorporate traffic-control functions that differ from the tradi-
tional window-based mechanisms (cf. Example 2.3). These functions may be classified as either
preventive or corrective in nature [118, 117].

Preventive functions are based on checking, at the moment when a user requests a new
connection and specifies the bandwidth required, how the additional traffic is likely to affect
the performance of the network, and in particular what packet-loss probability will result from
the increased load. If the predicted packet-loss probability remains below a prescribed threshold,
the new connection is accepted.

Such admission-control mechanisms may be analysed using queueing-network models of the
type G/G/1/N, where the effect of increased traffic intensity on the probability of packet loss
can be evaluated.
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Figure 8.2: Queueing-network representation of the packet-switched network
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Link | Simulation | BCMP | Diffusion Pi
L 0.435 0.500 0.418 0.320
la 0.296 0.339 0.285 0.243
l3 3.008 4.279 3.001 0.778
la 0.294 0.322 0.286 0.234
l5 0.081 0.085 0.078 0.075
le 0.054 0.056 0.052 0.051
l7 0.068 0.073 0.066 0.065
ls 0.026 0.026 0.025 0.025
lg 0.042 0.044 0.041 0.040
lio 0.008 0.008 0.008 0.008
l11 0.074 0.077 0.070 0.068
12 0.047 0.048 0.046 0.044
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Table 8.1: Comparison of the average number of packets present in the links: simulation results,
BCMP model results, and diffusion approximation results.
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Figure 8.3: Routes followed by first-class and fifth-class packet flows
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Preventive traffic-control functions also involve continuously checking whether users comply
with the conditions of the traffic contract, that is, whether they transmit no more data than
the allocated bandwidth permits. This applies not only to average traffic rates, but also to
short-term instantaneous peaks.

8.2.1 The leaky bucket mechanism

The leaky bucket mechanism, see for example [68], limits excessive deviations of the traffic
stream from the characteristics specified in the contract between the user and the network.
This reduces the probability of congestion and therefore improves quality of service.

Packets (cells) generated by the user are allowed to enter the network only if they can acquire
a token. Tokens are generated by the network at regular time intervals. The token-generation
rate corresponds to the bandwidth allocated to the user.

Some irregularity in the packet stream is permitted. A packet buffer is provided, which
fills when packets arrive too quickly, and a token buffer is provided, which fills when packets
arrive less frequently than assumed in the traffic contract. Both buffers have finite capacity,
and their sizes determine the admissible deviations of the traffic stream from the nominal rate;
see Fig. 8.6.

When the packet buffer is full, newly arriving packets are discarded. When the token buffer
is full, newly generated tokens are lost. It is therefore important to determine the effect of the
leaky-bucket mechanism on the resulting packet stream. Existing models of the leaky bucket
are based on discrete-time Markov chains [48] and fluid approximations [29, 92]. Here we use a
diffusion approximation.

Let B denote the capacity of the packet buffer, measured in packets, and let M denote the
capacity of the token buffer. The current numbers of packets and tokens are denoted by b and
m, respectively. The diffusion process X (t) is defined on the interval

z€[0,N], N=B+M,

with state variable
z=b—m+ M.

Let packet arrivals occur according to a process with mean interarrival time 1/, and squared
coefficient of variation C%,. Tokens are generated periodically every 1/A; units of time, so that

Each arriving packet increases the value of the diffusion process, whereas each arriving token
decreases it. Accordingly, the diffusion parameters are chosen as

B=A — M, a = \C3..

The process evolves between two barriers located at = 0 and * = M + B. The state x =0
corresponds to a full token buffer and an empty packet buffer, so that newly generated tokens
are lost. The state x = M + B corresponds to an empty token buffer and a full packet buffer,
so that newly arriving packets are discarded.

The residence time at the upper barrier x = M + B corresponds to the waiting time until
the next token arrival, that is, the time between the moment when the packet buffer becomes
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Figure 8.6: Structure of the leaky bucket mechanism

full and the arrival of the next token. We use the completion-time distribution derived in [39]
for the M/D/1/N model and assume that the density function [/ p(z) has the form

Aee e
Iv+B(x) = T e /n (8.1)

The packet-loss probability L(t) is bounded by [39]
1
L(t) < pn(2) P[Arr <t,t—|— A) > 1] )
¢

where Arr(t,t+ 1/A¢) denotes the number of arriving packets in the interval

t,t 1
e

If the arrival process is Poisson, then the density function lo(x) of the residence time at the
lower barrier x = 0 is simply the density of the interarrival-time distribution. For more general
arrival processes, we use this density as an approximation.

States with © > M correspond to situations in which packets are waiting for tokens. In
that case, x — M gives the number of packets waiting in the packet buffer. States with < M
correspond to situations in which tokens are waiting for arriving packets; in that case, M — x
gives the number of available tokens.

The probability of having b packets in the packet buffer at time ¢ is given by

f(M +b,t),

while the probability that the packet buffer is empty is

M
po(t) = po(t) +/ f(z,t)dx.
0
Similarly, the probability of having m tokens in the token buffer is given by
f(M —m, t)a
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and the probability that the token buffer is empty is

M+B
/ f(z,t)dz + pN (),

M

where

po(t) = P[X(t) =0],  pn(t)=P[X(t) = N].

Since the token-generation process is deterministic, the waiting-time density of packets for
tokens (the response time of the leaky bucket) can be represented as

r(xz,t) = M f( Az + M, t).

The density function f(x,1) is obtained from the G/G/1/N diffusion model, using equa-
tions (7.41) and (7.42), followed by numerical inversion of the Laplace transform f(x, s).
In this way, one can determine:

e the distribution of the number of tokens in the token buffer,
e the distribution of the number of packets waiting for tokens,
e the waiting-time distribution of packets,

e the probability of packet loss,

e the probability of token loss.

The model also allows the special cases B = 0 or M = 0, which correspond to simplified
variants of the leaky-bucket mechanism.

If there are tokens available, which occurs with probability p;(¢), the output process of the
cells is identical to the cell arrival process. If cells have to wait for tokens, which occurs with
probability 1 — p.(t), the output process of the cells follows the token-arrival process.

At time ¢, the density function d(x,t) of the intervals between cell departures is therefore
given by

A1) = pi(t) ala,£) + [ - pi(0)] 6<x - j) , (8.2)

where a(z, t) is the time-dependent density function of the interarrival times in the input stream.

From equation (8.2) one can calculate the mean value and the coefficient of variation of the
output process. These parameters are sufficient to include a leaky bucket station in a network
of G/G/1/N queues representing a computer network, where the output of the leaky bucket
serves as the input flow to the network. The model can also be used to describe a cascade of
leaky-bucket nodes with different parameter settings.

Example 8.2

Let us assume that at time t = 0 the packet buffer is empty, while the token buffer initially
contains M (0) tokens. Tokens are generated regularly every unit of time. The cell-arrival
process is Poisson.

During the interval 0 < t < 100, the mean interarrival time of cells is 0.5 time units. For
t > 100, the mean interarrival time increases to 1.5 time units. Thus, during the first 100 time
units, the traffic intensity exceeds the limit imposed by the token rate, whereas afterwards the
traffic intensity falls below that limit. The buffer capacities are B = M = 100.
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Figure 8.7 shows the results of the diffusion approximation and the simulation for the output
flow from the leaky bucket, for initial token-buffer occupancies M (0) = 0, 50, and 100. The
diffusion approximation reproduces the simulation results very closely. The simulation results
were obtained by averaging over 100000 independent runs.

If the token buffer is initially empty, the output rate is almost immediately limited to one
cell per unit of time, and excess incoming cells are accumulated in the packet buffer. The
evolution of the mean number of cells in the packet buffer is shown in Fig. 8.8.

After the period of excessive traffic, that is for ¢ > 100, the cells accumulated in the packet
buffer are transmitted as tokens become available. Consequently, the output intensity remains
equal to one cell per unit time for some time after ¢ = 100, and only later decreases to the level
of the input-stream intensity.

If the token buffer is initially half full, M (0) = 50, part of the burst of arriving cells passes
through the leaky bucket without delay, and the number of buffered cells is smaller. This effect
is even more pronounced when the token buffer is initially full, M (0) = 100: in this case, almost
the entire burst of cells passes through the leaky bucket without restriction.

Figure 8.9 shows, for the case M (0) = 0, the distribution of the number of cells in the packet
buffer at the end of the high-traffic period, that is at ¢ = 100, when the packet buffer is most
heavily loaded. Although the average number of cells in the buffer at that time is lower than
the buffer capacity (see Fig. ?7), the probability of cell loss is still high, approximately 30%,
which is correctly predicted by the diffusion model.

Figures 8.10, 8.12, and 7?7 show the distribution of the number of cells in the packet
buffer at different time instants during periods of high and low traffic intensity. The re-
sults of the diffusion approximation are compared with the corresponding simulation results.

|

8.2.2 Leaky bucket mechanism with two types of tokens

One possible extension of the leaky bucket mechanism introduces two types of tokens: green and
red, Fig. 8.13. Green tokens are generated at a rate corresponding to the bandwidth allocated
to the user. Red tokens allow an additional number of cells to be admitted, but with reduced
priority.

The generation of red tokens begins when the number of cells waiting for tokens exceeds a
specified threshold Bj, and stops when the number of waiting cells drops below this level.

We denote the parameters of the cell stream by A, and C’ic, the parameters of the green-
token stream by Ay and Cfl gt and the parameters of the red-token stream by A,; and Cfm.

The diffusion process is defined on the interval

x € [0, M + B,

where B is the capacity of the cell buffer and M is the capacity of the green-token buffer. The
instantaneous value of the process is defined as

r=b—m+ M,

where b and m denote, respectively, the current contents of the cell buffer and the token buffer.
If # < M, then M — = green tokens are waiting for cells. If x > M, then x — M cells are
waiting for tokens; see Fig. 8.14.



8.2. INFORMATION FLOW CONTROL AT THE NETWORK INPUT 201

25 T T T T T
strumien wejsci —_—
dyfuzja, 0“2" 0 ----
dyfuzja, Mg(]i: 50
dyfuzja, M(0) = 100
. symulacja, Mg(]} = 0---
2 i input symulacja, M(0)= 50 ----- |
l.f LR symulacja, M(0) =100 -~
i
15§ .
i
i ]
1
1
1 6 e §
: - "~—:—.;-_,.‘__I:‘v1__([l):0
| SLOMOFI00 TSR MOEB0 e
i s, BT TCTEP T = -
i
05 .
D 1 1 1 1 1
0 100 200 300 400 500 600

Figure 8.7: Input and output intensities in the leaky bucket as functions of time, for initial
token-buffer occupancies M (0) = 0, 50, and 100; comparison of diffusion approximation and
simulation results
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8.2. INFORMATION FLOW CONTROL AT THE NETWORK INPUT 203

0.09 | ; ; .
symulacja t=120 —
symulacja t=140 ---- p
0.08 |- symulacja t=200 ----- A i
symulacja t=300 P
dyfuzja t=120 --- !
dyfuzja t=140 - - e
0.07 - dyfuzja t=200 - --- TRRE—
dyfuzja t=300 - - i ‘I,‘ [
0.06 |-
0.05 |-
0.04 |-
003 |
002 |
001 |
0 20
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Figure 8.13: Leaky bucket mechanism with two types of tokens

If £ > M + By, then red tokens are generated in addition to green tokens. The model
therefore has two subregions with different diffusion parameters.

For
0<x <M+ By,
we have
B1=Ae — )\gta a1 = ACCI%C + )‘gtcigt'
For
M+ B <x< M+ B,
we have

B2 = Ae = Agt — Ap,
ay = AcCh, + AgtCgr + At Chy-
We assume that both types of tokens are generated at constant time intervals, so
C.Elgt = C,%xrt =0.
The solution consists of two diffusion processes, X;(t) and Xo(t), defined on the intervals
z € (0,M+ By) and x € (M+ B1,M + B),
respectively, and communicating through a barrier located at
r=M+ Bj.

At the points x = 0 and © = M + B, barriers are placed as in the classical diffusion
model. These barriers retain the process for some time and then reintroduce it at * = 1 and
x = M + B — 1, respectively.

The process X(t), when absorbed at the barrier x = M + By, is immediately reinitiated at
the point © = M + B; + € as process Xa(t). Conversely, process Xa(t), when absorbed at the
same barrier, is immediately reinitiated at the point x = M + Bj — ¢ as process X (t).
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Figure 8.14: Leaky bucket mechanism with two types of tokens: selection of diffusion-model
parameters

The density functions f1(x,t;91) and fao(x, t;12) of the two processes are expressed in terms
of the density functions ¢ (x,t;z¢) and ¢o(z, t; xg) of processes with two absorbing barriers: at
x =0 and x = M + By for the first process, and at x = M 4+ By and x = M + B for the second
process:

fletn) = éuati)+ / 0 (T)bi(z,t — 31)dr
0

t
—|—/ gM+B,—(T)p1(x,t — 7; M + By — €) dT, (8.3)
0
¢
folz,t5902) = ¢alx,t;1h2) +/ gmsB-1(T)po(z,t — 73 M + B — 1) dr
0
t
—|—/ IM+B,+e(T)02(x, t — 7; M + By 4 €) dr. (8.4)
0

The functions ¢; and ¢9 are known; see equation (7.35). The reinitialisation processes

91(t), gm4Bi—(t), gM+Bi+e(t), gm+B-1(t)

are determined from equations (7.38) and (7.40), extended by the balance equations describing
the probability flows between the two processes.

As in the G/G/1 and G/G/1/N models, the practical solution is obtained by transforming
the equations into the Laplace domain and then numerically recovering the original functions

fi(z,t;¢1) and fo(z, ;1)
The probability of cell loss is estimated as

py+B(t).

The output stream of higher-priority cells, i.e. cells that have received a green token, has
density

dY(z,t) = a(x,t) PIX(t) < M] 4 dg(z) P[M < X(t) < M + B]

M+B
( / xtdm) dye(2) /M Fi(,t) da, (8.5)
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2
from which we determine the parameters () and 01(41) of the higher-priority flow at the switch
input.
The intensity of lower-priority cells, i.e. cells that have received a red token, is

M+B
MO () = Ay P[X(t) > M + B1] = Ay <pM+B(t) + /M . fola, t) dx) .
+B1

The output flow of lower-priority cells leaving the leaky bucket is similar in nature to the
traffic generated by an ON-OFF source. During periods when the process X (¢) continuously
satisfies

X(t) > M + By,

cells with reduced priority leave the leaky bucket; this corresponds to the ON period. The OFF
period begins when
X(t) < M+ By,

that is, when the generation of red tokens is interrupted and the priority of the cells is no longer
reduced.

To estimate the distribution of the durations of these periods, we use the density vz, ()
of the first-passage time from the starting point xg to the absorbing barrier at z = a.

Thus, the density of the duration of the ON period can be written as

Jon(xz) = PiymiBi+1, M+B, ()
+(1 = P)PaymsB+1, MaB() *6(2 — 1) ¥ a4 -1, M+B, (T)
+(1 = P)(1 = P)Paymi By +1, M+ B(2) ¥ 6(x — 1) * Yary 5-1, M+ B(T)
#0(z — 1) * ym4+B-1, M+B, (T) + -+

where Pj is the probability that the process starting at
r=M + Bl +1

first reaches
=M+ Bl,

that is,
oo
P = / VM+By+1, M+B, (¢) dz,
0
and P; is the probability that the process starting at
xr=M+B-1

first reaches
x =M + By,

that is,
oo
Py =/ YM+B-1, M4+B, (T) dz.
0

Here, §(z — 1) is the density of the time spent at the barrier located at z = M + B.
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Applying the Laplace transform, we obtain

(1 — P )PoynyB+1, My B(S) YM+B—1, M1B, (8) e™°
1—(1—P)ym+B-1, Mm+B(8)e™*

Jon(s) = PLAniBi+1, M+, (8) +

In a similar manner, we determine the probability density function forr(x) of the duration
of the OFF period for red tokens, which allows us to determine the value of

E[A7]

in equation (8.49).

8.2.3 The jumping window mechanism

The jumping window mechanism enforces compliance with the traffic parameters allocated to a
user in the following way: it checks whether the user does not exceed the assigned bandwidth,
the so-called CIR (Committed Information Rate), denoted by A. The purpose of this mechanism
is also to ensure that, while maintaining the prescribed average rate, the instantaneous traffic
rate does not exceed a certain maximum value.

Time is divided into intervals of length T.. According to the traffic contract, the amount of
information that the source may transmit during one such interval is

B.=CIR-T..

Incoming packet traffic is monitored, and as long as the amount of information transmitted
during the current interval T, does not exceed B., the packets are assigned high priority.

Once the threshold B, has been exceeded, subsequent packets are still admitted to the net-
work, but they are assigned lower priority and, in the event of congestion, they are discarded
first, in accordance with the queueing discipline used at the link. Thus, packet priority may
result not only from the content of the packet and the corresponding quality of service guar-
anteed by the network, but also from the distinction between packets transmitted within the
bandwidth allocated by contract and excess packets transmitted beyond that limit.

The packet priority is recorded in its control field, the so-called header, by means of a single
bit, the DFE bit (discard eligibility bit); a value DE = 1 indicates the lowest priority.

The amount of excess traffic is limited to B.. Once the threshold B. + B, is exceeded,
packets from the given source are discarded until the end of the current interval T,.. At the
start of the next interval T, packets again regain high priority.

Let us assume that the packet stream entering the network is described by the intensity A
and the squared coefficient of variation of interarrival times C’i.

As a result of the jumping window policy described above, two packet streams are created:
a higher-priority stream (class 1) and a lower-priority stream (class 2).

Within an interval T,, we distinguish three periods: 17, 75, and T3. Their durations are
random and depend on the parameters of the input stream.

During T3, the contractual amount of information for the interval 7., namely B, is trans-
mitted; cells or packets leaving the control device during this period have high priority.

During 7%, packets corresponding to the conditionally admissible excess traffic (between B,
and B. + B.) are transmitted and receive lower priority.

After the level B, + B, is reached, the period T3 begins, during which incoming packets are
discarded; this period lasts until the end of the interval 7.
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In the queueing model of the station representing the control mechanism, customers of a
single class enter in a stream of intensity A, whereas two output streams leave the station: the
first-class stream, representing higher-priority packets, and the second-class stream, representing
conditionally admitted packets.

Let A(M) denote the intensity of the first-class stream. It is the average intensity of a stream
that has value \ during period 77, and value zero during periods T, and T3.

Similarly, the output stream of second-class packets has intensity A during period 75 and
zero during the remaining periods, which gives an average value denoted by A\(2.

The periods T4, Ts, and T3 are random variables. Let hy(z), ho(z), and hs(z) denote the
probability-density functions of their distributions.

In the diffusion approximation, the density hi(z) can be approximated by the first-passage-
time distribution of a diffusion process between x = 0 and z = B,. Similarly, ho(z) is approxi-
mated by the distribution of the first-passage time between x = B, and x = B, + B..

Of course, the second period occurs only if the preceding period T is shorter than 7.

When determining the first-passage times, we are interested in the number of packets arriv-
ing at the station, so we choose the diffusion parameters

B =M\, a =i\ =CAN

The time-varying cumulative number of arrived packets is then described as a diffusion process
starting at time ¢ = 0 from the point xg = 0 and bounded by an absorbing barrier at x = B,:
once the process reaches r = B,, it remains there permanently.

Since the process has a constant positive drift (8 > 0), for simplicity we neglect the boundary
condition at z = 0.

The probability density function of such a process is [18§]

(o, t) = \/Qiéﬁ [exp {—("”;aftf} — exp { 25ch G Qfojt_ pr)* H . (86)

The probability density function of the first-passage time from xy = 0 to the barrier at
r =B, is

h(t) = —% l:p(x,t)d:c
- —ale(Cm) e () (57
- e [—(Bchfty]. (8.7)

Its Laplace transform is
iuls) = exp | 22 (5 = VB 2as) | = e | 225 - 409 (5.5)

where

A(s) = /% + 2as.
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The density function ha(t) of the second period is obtained in the same way, by considering
the first-passage time from = = B, to x = B, + B:

Be (Be - Bt)Q
ha(t) = \/ﬁexp [_M] . (8.9)

The moments of order n for the durations 77 and 75 are calculated as

E[TY] /O Y (@) de + [1 - /O @) dx] ™, (8.10)

Te Te—x Te—x
BTy = / b () { / () dE + [1 - / ha(€) dg} (T, - a;)”} do. (8.11)
0 0 0
Since the sum of the three periods is equal to T;, we have
h+ T+ T3 =T,

which implies
hi(x) * ho(x) * hg(x) = §(z — T,),
and therefore .
_ e tes Bc + Be
() = — = exp | ~Tos — 225 (5 (s
3(8) hl (S)hQ(S) eXp cS a (B (S))
The average intensities of the higher-priority and lower-priority packet streams leaving the
station are therefore
\O E[T] B[]

— A A2 — .
T. T.

The squared coeflicients of variation of the interdeparture times for both output streams
may be approximated by

2 2 2 2
c” ~ 3 (E[TTl]> . Y} (E[TTQ]> . (8.12)

Example 8.3

The system consists of an ON-OFF source, whose active and inactive periods follow an
exponential distribution with mean durations of 40 and 120 time units, respectively. The data
rate during the ON period is 1 packet per unit of time, so the average data rate is 0.25 packets
per unit of time. The network guarantees this data rate to the user. Traffic is controlled by a
sliding window mechanism. Let T, = 250 time units, B. = A\jT¢., and we choose B, = 160.

Figure 8.15 shows the average number of packets as a function of time, for a station having
input stream controlled by the sliding window; these are simulation results. It can be seen that,
that towards the end of the control period, the number of packets of the first class drops sharply,
whilst the number of packets of the second class rises (the B. threshold has been exceeded).
Fig. 8.16 shows a similar graph for both classes of clients combined, comparing the results of
the diffusion approximation and the simulation.

Example 8.4
Let us assume that the buffer length is limited to N = 40, and the source is of ON = OF F
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Figure 8.15: Mean value of packets in the queue controlled by jumping window mechanism (first
and second class separately and together, simulation 10 000 repetitions)

type with the rate of 3 Mbits/s the multiplexer’s service rate is 2 Mbits/s. The length of the
transmitted packets follows an exponential distribution with a mean of 12 Kbits, so the average
packet transmission time is 6 ms. We choose a time unit of this size, hence Aoy = 1.5, and for
the multiplezer p = 1. Let us assume that the ON periods have an average duration of 40 time
units, and the OFF periods last an average of 120 time units, so Aeyy = 0.375.

Figs. 8.17, 8.18 display the multiplexer’s queue in steady state, illustrating the impact of the
mechanism parameters.
|

8.2.4 The sliding window mechanism

The sliding window mechanism is more restrictive than the jumping window mechanism: it
requires that, at every instant ¢, the number of packets arriving during the interval [t — T, t]
does not exceed a specified threshold.

As before, we assume that after the threshold B, has been exceeded, an additional number
B, of packets may still be admitted during the interval T,, but with reduced priority. When the
total number of packets transmitted during this period exceeds B, + B, all subsequent packets
are discarded.

The operation of the mechanism can be represented by the queueing model shown in
Fig. 8.19. The first station is of type G/D/B./B.: it has B. parallel service channels, no
waiting room, and a constant service time equal to T.. This station behaves similarly to the
sliding-window mechanism: if, during the interval T, preceding the arrival of a new packet,
there have already been B, accepted packets, all service channels are occupied. Since there is
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Figure 8.17: Jumping window mechanism, distribution of the queues length at muliplexer, for
both classes and for each class separately, N = 40, T, = 80, B, = 30, B, = 60.
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Figure 8.18: Jumping window mechanism, distribution of the queues length at muliplexer, for
both classes and for each class separately, N =40, T, = 60, B, = 22, B, = 44.

no queue, the new packet cannot be accepted.

Rejected packets are then directed to a second station of type G/D/B./B., which allows
at most B, additional packets to pass during any interval of length 7T,.. Packets that cannot
pass through this second station represent packets permanently rejected by the sliding-window
mechanism.

Since no exact model is available for a G/D/c/c station, we use the diffusion approximation
described by Egs. (7.56) and (7.60). The diffusion process is defined on the interval (0, ¢), which
is divided into ¢ subintervals of unit length. Different diffusion parameters apply in different
intervals: when i service channels are active, that is, for x € [i — 1, 1], we assume

Bi:)\—TLC, Oéi:)\ci-
Since the service time is constant, its variance is zero, and therefore «; depends only on the
arrival process A(z).

Using solution (7.56), we determine the distribution of the number of tasks in the station
G/D/B./Be, and in particular the probability pp, that the system is full.

With probability 1 — pp,, packets are accepted by the first station. With probability pp.,
packets are rejected by the first station and directed to the second station of type G/D/B./Be.

If the original packet stream is described by the interarrival-time density a(z), then the
accepted stream at the first station is described by

ai(z) = a(@)(1 - pp,) + a(z) * a(@) pp.(1 — pp,) + a(z) * a(x) * a(z) ph,(1 — pp,) + - .

The same distribution also describes the output stream of the first station, that is, the stream
of high-priority packets entering the network, because passing through the station introduces
only a constant delay 7.
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Figure 8.19: Queueing model of the sliding window mechanism

The stream of packets rejected by the first station and directed to the second station is
described by

di(z) = a(@)ps, + a(z) * a(@)(1 — pp.)ps, + a(z) * a(z) * a(x)(1 - pp,) pp. + .

Using the same approach as for routing probabilities in a queueing network, cf. Eq. (7.52),
we can calculate the coefficient of variation of the stream arriving at the second station.

Using the diffusion model G/D/B./B., we determine the probability pp, that the second
station is full. This probability provides an estimate of the packet-loss probability.

The stream of low-priority packets entering the network is described by the interarrival-time
density

ag(z) = a1(x)(1 — pp,) + a1(x) * a1(z) pp, (1 — pp,) + a1(x) * a1(x) * ar(z) pi, (1 — pB,) + -+ .

Numerical examples and results for this model are presented in [5, 55].

8.3 Network switch models

8.3.1 Multiclass FIFO switch output streams dynamics

Consider a queueing network model representing a computer network. Customers (packets of
fixed size) are grouped into classes. Each class represents a connection between two points of
the network and its description includes the features of the source and the itinerary across the
network. Customer queues at servers correspond to the queues of cells waiting at a node to be
sent further. At a queue exit the class of a customer should be known to determine its routing.
In steady state queuing models this probability, for a certain class k, is given by the ratio of
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the throughput A*) of this class customers passing the node to the total througput A of this
node : A% /X, where \ = Z,If 1 AF) and K is the number of classes passing across the node.
In transient state, the throughputs are a function of time and the probablhty NG ( ) JA(t) a
well. Morover, the flows at the entrance and the exit are not the same: )\l i 7 )\Z outt The
composition of output flow reflects the previous compositions at the entrance delayed by the
response time of the queue.

To solve this problem, we choose the constant service time as the time unit, divide the time
axis into intervals of unitary length and assume that the flow parameters are constant during
that interval, e.g. )\(k)(d) denotes the class k flow at station ¢ during an interval 6, 6 =1,2,...

The input stream ), A k)( 0) reaches the output of the queue with a delay corresponding to

the queue length in the buffer at the arrival time. The part p(n, 0) Zk . m(@) of this submitted
load cannot be served and the corresponding flow cannot appear at the output before the time
t=0+n+1. So, taking into account these delays, the unfinished work ready to be processed
at the time ¢ in the station which is initially empty can be expressed as:

Z)\ (t—n)-p(n—1,t—n) for k=1,...,K.

A similar formulation may be easily derived for initially nonempty queue knowing its com-
position at ¢ = 0. Remark that some accumulation periods (of high or quickly increasing load)
may yield that ready work at ¢ exceeds the server capacity: ), U (k) (t) > 1. Such a phenomenon
introduces some additional delay in the transfer of the input stream to the output.

To compute the output throughput /\((m)t( t), we find first the ready time 91 of the cells at the

head of the queue. This is equal to the smallest value of 8 such that:

0
Y uW(r) = Z S Al (8.13)

=0 k =0 k
Then, we determine the smallest 5 for which

2
S > uh(r) ZZAM ) >1—p(0,t).

=0 k =0 &k

The output throughput AU )( t) is obtained as

out

Ao (1) Z wy - U® (8 (8.14)

0=11

where wy, represents the percentage of Uk (1) that has not been sent yet, wy = 1 for 6 # ¥,
and vy , and wy, is chosen such that Zgiﬂl wy - U(0) =1—p(0,¢).

Example 8.5

Fig. 8.25 presents a model of a switch. Consider a switch having 3 input streams end one
output being the sum of the three input streams. The output queue has the capacity of 100
packets and is analysed with the use of G/D/1/100 multiclass diffusion model and M/D/1
multiclass fluid approximation model. The service time is constant, g4 = 1. The input streams
are Poisson with parameters A\(*)(t) chosen as:
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Figure 8.20: Switch model

timef | 010 10-20 20-30 3040 40-80 > 80
AD@y | 01 0.8 0.8 0.1 0.1 0
APy | 02 0.2 0.2 0.2 0.2 0
AD@ 1o 0 0.5 0.5 0 0

Figures 8.21 — 8.26 present the resulting output stream (queue is empty at the beginning).
These results, obtained with the use of diffusion approximation and fluid flow approximation,
are compared with simulation results which represent the mean of 400 000 independent runs
and practically may be considered as exact. The differences between input and output streams
are clearly visible for the whole stream as well as for each class separately. They justify the need
of the presented approach in the transient analysis of networks: the impact the switch queue
on the flow dynamics is important and cannot be neglected. In all considered cases the results
of diffusion approximation are very close to simulation and clearly better that those obtained
with the fluid flow approximation.

The following model allows us to approximate the time-varying number of cells waiting for
transmission in the buffers of a statistical ATM network multiplexer. On this basis, it is possible
to estimate the time-dependent probability of cell loss caused by buffer overflow.

The irregularity of the cell stream and the resulting variation in the waiting time for trans-
mission also introduce irregularity in the arrival times of cells at their destination, commonly
referred to as jitter. The model also makes it possible to assess this effect by determining the
distribution of transit times through the switch.

The analysis of ATM multiplexers is also important in the design of traffic-control mecha-
nisms that may be incorporated into the network.

A number of models have already been proposed, e.g. [65, 44, 112, 86], but they do not
address the transient behaviour of the buffer under time-varying load conditions.

8.3.2 Switch with push-out policy (Push-Out)

One of the most frequently considered queue-management strategies is the push-out policy. Let
nM and n(® denote the numbers of first-class and second-class packets in the queue, respectively,
and let N denote the total buffer capacity.
As long as
n=n"4+n? <N,
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Figure 8.21: The mean queue length: global and per classes as a function of time — simulation
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Figure 8.22: The mean queue length: global and per classes as a function of time — simulation
and diffusion approximation results
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packets are served according to the natural queueing policy. However, once the buffer is full,
newly arriving second-class packets are discarded immediately. If a first-class packet arrives
while the buffer is full, it searches for a second-class packet already present in the buffer and
replaces it. Only if the queue already contains exclusively first-class packets is the arriving
first-class packet also lost.

The diffusion approximation is particularly useful in this context for two reasons:

e it allows arbitrary arrival-time distributions for both traffic classes, which is important
because the interarrival-time distribution significantly affects queue behaviour and packet
losses;

e it enables transient analysis, so that the queue can be studied during successive periods
of light and heavy traffic.

During periods in which the queue is not full, the system may be described by a two-class
G/G/1/N model. Losses occur only during overflow periods.
To determine the effective throughput, the following iterative procedure may be used.

o Let MU denote the arrival intensity of class k in the j-th iteration. Initially,

AR — \B) =12,

e For operating periods without losses, the model parameters are determined from equa-
tions (7.12) and (7.13). Using the G/G/1/N model and solution (7.32), we determine the
functions f(z), po, and py.

The function f(z) approximates the distribution p(n) of the total number of packets of
both classes combined. The conditional distribution

p(n|n<N)
for both classes is then obtained from equation (7.14).

e Overflow occurs with probability p(N). The conditional distribution of the number of
packets of class k, neglecting the push-out mechanism, is approximated by

N AR o NGIK N
(k) (1, (F) — A _ _
p(n'™ | N) = <n(’“)> ( 3 ) (1 y ) , k=1,2. (8.15)

e The residence time at the upper barrier x = N has density

. AMI] A1)
() — ) 2)
@) = souren b @ T somaen? @

e Assuming that arrivals of first-class packets during overflow periods form a Poisson process
with parameter ADUl the probability of n first-class arrivals during a single overflow
period is

oo (ANMlg)m :
Parr(n) = / Me_)‘(l)mm b(x) dz, n=0,1,...
0 n:
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If the service time is constant, i.e.

b(x) = 6(x —1/p),

then Wi
3l /)" .
Parr(n) = ()\n'/'u)e_’\(lm/“, n=0,1,...

e The probability that exactly n second-class packets are pushed out is then

N 00
ppush(n) = parr(n) Z p(2) (n(2) ‘ N) + p(2) (n | N) Zparr(i)
no=n+1 i=n

The first term corresponds to the case in which exactly n first-class packets arrive and at
least n + 1 second-class packets are available for removal. The second term corresponds
to the case in which there are exactly n second-class packets in the queue and at least n
first-class arrivals occur.

e If the first-class arrival process is not Poisson, the density a(!)(z) or cumulative distribu-
tion function A(l)(:c) of the interarrival times is required. In that case, the probability of
n first-class arrivals during the overflow period is

o x

par() = [ 0(a) [ aV7m0) [1- A0~ 1) deda,
0 0

where a)*" denotes the n-fold convolution of the interarrival-time density.

In the G/G/1/N system, tasks of both classes that arrive while the queue is full are lost,
and the effective throughput of the station is

Mg =201 -py), A =AP0 —py). (8.16)
Under the push-out rule, /\gf) increases, whereas )\éﬁ) decreases:
Mg =201 —py) +pvAle, AR =21 - py) — pyae, (8.17)

where ¢ is the probability that a first-class customer arriving during an overflow period pushes
a second-class customer out of the queue. It is defined as the ratio of the average number of
customers pushed out to the average number of first-class arrivals during overflow:

k—1 00
ZP k ‘ N Z ipover(i) +k Zpover(i)
£ = =0 i=k . (8.18)

> kpover (k)
k=1

In the case of a constant service time, the denominator of this expression is

A

kaover(k) = = Q(l) .
k=1

1
We then calculate the updated effective arrival rates:

ADGH] — \@) . N A@) A@UH] @ _ PN 1)
1 — DN 1—pNn
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AW A [ method E[N] E[ND] E[N®)]
0.2 | 0.4 || diffusion 0.831 0.277 0.554
simulation | 1.049 + 0.007 | 0.350 & 0.002 | 0.699 + 0.005
0.2 | 0.6 || diffusion 2.045 0.511 1.534
simulation | 2.391 + 0.042 | 0.598 & 0.010 | 1.793 + 0.022
0.2 | 0.8 | diffusion 10.00 2.056 7.944
simulation | 10.06 + 0.16 | 2.104 & 0.037 | 7.959 + 0.123
0.2 | 1.2 || diffusion 18.35 3.749 14.60
simulation | 18.60 + 0.01 | 3.745 & 0.012 | 14.86 + 0.02

Table 8.2: Average numbers of packets in the queue for Cil = 0,242 =1and N = 20.

e We recalculate the values of f(z), po, and px using the G/G/1/N model, and iterate until
a fixed point is reached, that is, until

22: ‘ AOL+1] _ @)
=1

becomes smaller than an arbitrarily chosen tolerance.

In practice, the algorithm converges after only a few iterations.
The relative losses of first- and second-class tasks are then

A @)

A2 _\®) A
L — Teff —pn(1—¢), L2 — TQHZPN 1+wg ) (8.19)

Example 8.6

The accuracy of the approximate solutions must, of course, be assessed carefully. Table 8.2
compares the results of the diffusion model with simulation results. The model parameters were
chosen so that the packet-loss probability was significantly higher than would be acceptable
in practice, because only in that case was it possible to obtain simulation results within a
reasonable amount of time and with a relative error, at the 95% confidence level, below 5% of
the estimated value.

It can be seen that the queue occupancy predicted by the diffusion approximation is generally
slightly lower than the actual value.

Fig. 7?7 presents the main result of the model calculations: the dependence of the loss
probabilities of first- and second-class packets, L) and L®, on the buffer capacity N, the

2
arrival intensities A1), A(®)| and the variance of the input stream (parameter 01(41) ). Note that
the values of L) and L(® are shown on a logarithmic scale. Service times are deterministic,
with

1 2
pM =2 =1,
In the analysis of transient states, we assume that the time axis is divided into intervals
T1,Ts,...,T;, ..., corresponding to different traffic regimes. The diffusion parameters o; and

(B; remain constant within each interval 7; and change abruptly when the system moves to the
next interval.



222 CHAPTER 8. DIFFUSION APPROXIMATION, APPLICATIONS

|

1560 t

Figure 8.27: Queue occupancy during periods of low and high traffic intensity, N = 20.

In addition, time is divided into small intervals At, small relative to the lengths of the
intervals 7;. Within each such segment, we use the transient-state solution for the G/G/1/N
system and, at the end of the segment, correct it using the iterative algorithm described above,
which takes the push-out mechanism into account.

Fig. 8.27 shows an example of queue occupancy during alternating periods of low and high
traffic intensity. Two phases, T1 and T5, occur successively. Phase T; corresponds to a low
traffic intensity, whereas phase T5 corresponds to a high traffic intensity. Their durations are
500 and 30 time units, respectively.

For both classes and in both phases, arrivals follow Poisson processes, and service times are
constant and identical for both classes. The arrival rate of the first class remains unchanged in
both phases:

A =AM =02,

The arrival rate of the second class changes from

AP =04
during phase T} to
AP =14

during phase T5.

8.3.3 Threshold policy

In addition to push-out policies, one may also consider the so-called threshold policy. If the
total number of packets n in the queue does not exceed a threshold value N7, then packets of
both classes are accepted. However, once the number of packets exceeds N1, only high-priority
packets are admitted, whereas lower-priority packets are discarded.

Let AW and A denote the arrival rates of first- and second-class packets, respectively. The
effective arrival rate entering the node is therefore

A L@
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when n < Ni, and
A

when n > Nj.

Since the effective arrival process depends on the queue occupancy, we use a diffusion model
with state-dependent parameters a(z) and S(x). This is the same model as that used for the
finite-capacity G/G/1/N queue, described by equations (7.55) and solution (7.56).

We assume 0 o
61:)\ + A —u, 0<x< Ny,
B(x) = 8.20
) {BQZA(”—N, Ny <z <N, (8.20)
and ) )
a1 = XV L A@0P" 4 02, 0< 2 < Ny,
az) =4 4 A THEB = (8.21)

2
0422)\(1)01(41) —i—,U,CQ, Ny <x < N.

Let fi(z) and fa(z) denote the density functions on the intervals z € (0, N7] and z € [N, N),
respectively. From solution (7.56) we obtain

A
0718[)0(1_6'21‘%)7 O<f13§17
—p1
fi(z) = A (5:22)
-t 1< <N,
—b1
and
AN, N < <N -,
fa(z) = (5:29)
Mp% [1_622(““} , N—1<z<N.
—D2
where 2
g

Qp

The probabilities pg and py, corresponding to the process remaining at the lower and upper
barriers, are obtained from the normalisation condition.
The loss probabilities for high- and low-priority packets are then

LW = py,
and
N
LY =P[X>Ni|= [ folx)de+pn.
Ny

Higher-priority cells are lost only when the entire buffer is full. Models describing this mech-
anism are usually based on Markov chains [43, 68, 81]. Below, we use a diffusion approximation
to describe the case in which buffer partitioning is used as the queue-management rule.

The diffusion process is defined on the interval

x € [0, N]

and represents the total number of cells of both classes present in the buffer.
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The process parameters differ on the intervals
O<z< N and N1 < x < N.

In the first interval, arrivals of both classes are taken into account, whereas in the second interval
only arrivals of the higher-priority class are considered.

Thus,
Br=AD 4D — . 0<z< N,
B(x) = ) (8.24)
52:/\()—,“, Ny <z <N,
and ) )
ap = A0 L ADCD” L e o<z <V,
alr) = ) (8.25)
= )\(1)01(41) + MC%, Ny <z < N.

Since we are considering fixed-size cells with deterministic transmission times, we continue

to assume that
C% =0.

The residence time at the upper barrier x = N is determined by the density given in
equation (8.1); uy is the reciprocal of the mean residence time.

The model considered here is a special case of the model with piecewise-constant parameters
used to describe the G/G/1/N system with a finite customer population, cf. Section ??. The
steady-state solution is therefore given by equations (7.56), which in the present case become

AL 1 A2
Hﬁ]po(l—ezlx), 0<z<1,
—p1
fi(x) = (8.26)
[)‘(1) + )\(2)]1)0 21\ ,21(z—1)
(1 —¢€*)e* , 1<x< Ny,

—b
and
fl(Nl)ezz(cc—]\h)’ N1 S xr S N — 1,
fa(z) = (8.27)
KON [1—622(%“], N-1<z<N.
— b2
where 5
Zp = ﬁ, n=1,2.
Qn

The probabilities py and py are determined from the normalisation condition.
The loss probability of a first-class cell, LW is equal to the probability that the entire buffer
is full:
LW = py.

The loss probability of a second-class cell, L® s equal to the probability that the number
of cells in the buffer exceeds the threshold Ni:

N
L® =P[X >Ny = [ foz)de+pn.
Ny

Example 8.7
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Let us assume, for example, that the buffer size is N = 100 and the threshold value is
N; = 50.

The steady-state distribution of the total number of packets of both classes, as determined
from solution (8.27) and from simulation, is shown for several input intensities on a linear scale
i Fig. 8.29 and on a logarithmic scale in Fig. 8.30.

For some parameter values, the results were compared with simulation. This was possible
only for relatively large probabilities; for lower probabilities, the time required for simulation
exceeded reasonable limits.

Fig. 8.31 shows both the probability that the threshold is exceeded and the probability that
the buffer is full. The former was compared with the second-class packet loss probability
obtained from simulation. The loss probability for first-class packets was too small to be
estimated reliably by simulation.
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Figure 8.29: Steady-state distribution of the total number of packets for input traffic parameters
AL =A@ = X =0.8,0.9; results of the diffusion model and simulation.

To describe the transient state, we use the same technique as in the G/G/1/N model. Since
there are now two diffusion regions with different parameters, there is a probability flow between
them in the transient regime. This flow is balanced by introducing an additional barrier at the
boundary between the two intervals, namely at © = Nj.

Let us consider two separate diffusion processes, X;(t) and Xo(t), defined on the intervals

x € (0,Nq) and  xz € (N, N),

respectively.
At x = 0 there is a barrier with residence-time density lo(t), after which the process returns
to x = 1. At © = Nj there is an absorbing barrier for process Xj(t). Let 'ykfl (t) denote
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Figure 8.30: Steady-state distribution of the total number of packets for input intensities \() =
A2 =X =0.1,...,0.9; results of the diffusion model and simulation shown on a logarithmic
scale.
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Figure 8.31: Probability of threshold exceedance and buffer overflow obtained from the diffusion
model, together with the simulated probability of second-class packet loss, as a function of the
input intensity A = X&) =X =0.3,...,0.9.
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the probability density that process Xi(t) reaches this barrier at time ¢. The process is then
restarted at x = N1 — ¢ with intensity gy, —<(t).

The process Xs(t) is bounded above by a barrier at x = N, with residence-time density
In(t), after which it returns to x = N — 1. Its lower boundary is the absorbing barrier at
x = Np. The process is restarted at x = Ny + ¢ with intensity gn,te(t). Let ’y]}\z,l (t) denote the
probability density that process Xa(t) crosses the barrier at z = Nj.

The coupling between the two processes is described by

gnre(t) =98, (1), gvi—e(t) = 7, (1),

that is, at every instant, the probability that one process terminates at the barrier x = Ny is
equal to the probability that the other process starts on the opposite side of the barrier, at a
small distance € > 0, introduced to prevent immediate absorption.

Similarly to equations (7.37), we define the density functions fi(x,t;1) and fo(z, t;1)2) as
superpositions of the functions ¢1(x,t;29) and ¢o(x,t;z9) for processes defined on the same
intervals but with absorbing barriers at both ends:

t
filz, t;91) = ¢1($7t;¢1)+/091(T)¢1($7t—7;1)d7

t
—i—/ gN,—=(T)p1(x, t — 7; N1 — €) dT, (8.28)
0

t
fz(w,t;%) = ¢2($,t;¢2)+/0gN_1(T)¢2(x,t—T;N—1)dT

t
+/ IN+(T)P2(z,t — T3 N1 +€) dr. (8.29)
0

To use these solutions, one must determine the densities

g1(t), gNy (1), gy +e(1), gn—1(1).
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The balance equations for the probability flows are
t
Y0(t) = po(0)d(£) + v ,0(t) + / g1(T)n0(t —7)dr
0

t
+/ IN1—e(T) YNy —e0(t — 7) dT,
0

t
() = %pl,Nl(t)Jr/O g ()N (E—7)dr

t
+/ gN1—8(7)7N1—67N1 (t - T) dr,
0

() = pa(0)6(E) + () + /0 Nt (D) N se (= 7)

t
+/ gN-1(T)yN-1,Nn(t — T)dT,
0

t
7]}\%/1 (t) = 71/)2,]\[1 (t) + /0 gN1+8(T)7N1+8,N1 (t - 7_) dr
¢
+/ IN—1(T)IN=-1,N, (t — T) dT. (8.30)
0

The restart intensities are then given by
" L
() = [ b -0d, gneat) =k )
0

gn-1(1) = /OT YN ()N (T — 1) dt, gy —e(t) = 7, (1) (8.31)

Equations (8.30) and (8.31), analogous to equations (7.38) and (7.40) for the G/G/1/N
system, form a system of eight equations with eight unknown functions.

After applying the Laplace transform, products become ordinary products of transforms,
and we obtain a linear system from which the unknown transforms can be determined:

91(3)7 gl\h—a(s)? gNﬁ-E(S)’ gN—l(S)7

:}/0(3)7 :YN(S)7 :Y][\/fl(s)v :Yﬁl (3)

These quantities are expressed in terms of the known transforms
71!’1,0(8)7 Y1, N1 <3>7 ’71,0(8)7 M1,N (8)7

WN1—670(8)7 YN1—¢e,Ny <3>7 :71112,1\71 (3)7 :y¢'2:N(8)7
ANy +e,N; (), AN 4¢,N(S), [N—1,N, (5), AN-1,n(S),

which are defined by equations of the form (7.39).
In this way, the transforms

g1(8), I, —<(8), gy +e(5), gn-1(s)
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are obtained and used in equations (8.28) and (8.29) to determine the transformed state densi-
ties. The original functions fi(x,¢; 1) and fa(z,t;12) are then recovered numerically [113, 119].
The state density of the complete process is

fl(xat;w1>7 0<Z<N1,

f(a:,t; w) - { fg(x,t;wg), N1 <z < N.

The same approach can be extended to models with more than two regions having different
diffusion parameters, separated by additional internal barriers.

To determine the number of cells in each class, we must account for the composition of the
inflow and outflow streams. Let p(¥(t) denote the probability that a cell arriving at time ¢
belongs to class :

. AW (¢
@O (t) = @ ot ( )(2) . (8.32)
Aeff (t) + Aeff (t)
The effective arrival rates are

AP0 =2 OO L —px®)], AT = 2O [1 - pasn, (8], (8.33)

where p,>n, (t) is the probability that the buffer is unavailable to second-class cells.

We know the distribution of the total number n(t) of cells present in the buffer at time t.
Let v(t), with 0 < v(t) < n(t), denote the number of first-class cells at the tail of the queue
behind the last second-class cell, as seen by the next arriving second-class cell.

Since the service time is one time unit, the effective service time for second-class cells is

1+ v(t).

Let n(®(t) denote the number of second-class cells in the queue. Then

n—1t—1
- @)y = p@] = AP 1 : )
P[V:Z’n(t):n,n (t)=n ]:7 0<i<n-—n. (8.34)

n )
n(2)

Plv=1i|n]=dn,

If n? =0, then

where 0; ,, is the Kronecker delta.
Hence,

Plv=i|n(t)=n] = (1-p@)s;,
min{n—i,N1—1}

n—1t—1 n(® nen(®
- Z ( n® _ 1 )P(Q) (1-p®) . (8.35)

n(2)=1
The unconditional distribution of v is therefore
Plo=i] = (1-p®)Pn(t) =]

N min{l—i,N;—1}

+3 Pln(e) =1 (a0

m—1
1=0 1

3
I
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The mean and variance of the effective service time B®)(t) = 1+ v(t) for second-class cells
are then

EBY®)] =1+ E[v(t)], (8.37)
@2, _ El(BPW)] . _ Ep*)] - Ev®)?
O TEmeE T BT e 539

2 2
The coefficient 01(32) is given by equation (8.38); the coefficient C’g) can be determined

similarly. The coefficients 02)2 and 0512)2 are obtained from the corresponding input streams.

Changes in the arrival rates at time ¢ influence the queue composition with a delay pro-
portional to n(t), and influence the effective service time of second-class cells with a delay of
approximately p(?) (t + n(t) — v(t)).

The composition of the end of the queue, represented by v(t), depends not only on the
instantaneous class probabilities p(t), but also on their values over the interval since the arrival of
the last second-class cell. Since this dependence is difficult to describe exactly, an approximation
is used in which the relevant delay is taken to be n(t)/2.

The characteristics of the output streams are determined separately for each class using the
approximation

d9(z) = pDb® (z) + (1 — o) 0l (@) 00 (), (8.39)

where * denotes convolution.
This allows the coefficient of variation of the interdeparture times for class ¢ to be estimated
as

D) N2 . N2 2 . .
cy) =00 (1 pD) 4 pO7CR” 4 pD (1 — pD). (8.40)
The transient-state solution given by equations (8.28) and (8.29) assumes diffusion param-
eters that are constant over time. This assumption can be relaxed by dividing time into short

intervals within which the parameters o and  are assumed constant, and by using the solution
at the end of interval [ as the initial condition for interval [ + 1.

Example 8.8

Let us assume the following numerical values. During the interval t € [0,100], the stream of
priority cells has intensity

A =2
cells per unit of time, and the stream of lower-priority cells has intensity
A@ =1,
For t > 100, the intensity of the priority stream decreases to
2 =0.6667,

whereas

A =1

remains unchanged.
The service time is constant and equal to one unit of time. The buffer size is N = 100, and
the threshold value varies from

N =50 to N; =90.
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The parameter € in equations (8.28)—-(8.30) was set to
e=0.1.

Figures 8.32 and 8.33 show the distribution of the number of cells in the buffer at selected
time instants, as determined by simulation and by the diffusion approximation. To preserve
clarity, the results of the two methods, which are very similar, are presented in separate plots.

At the end of the second time period under consideration (¢t = 400, 500, 600), the distribution
has essentially stabilised. Figures 8.34 and 8.35 show the mean number of cells in the buffer as
a function of time.

In the first period (the initial 100 time units), the system is heavily congested: the buffer
fills rapidly. In the second period, congestion remains high. The probability of exceeding the
threshold (and thus losing lower-priority cells) is approximately 0.7, but, in accordance with
the buffer-partition policy, the probability of losing priority cells remains small; see Figs. 8.36
and ?77.

The threshold value N7 appears as a parameter in the graphs. In the case considered here,
as V7 increases, the average number of lower-priority cells also increases: they are allocated
more buffer space and, under heavy congestion, they occupy it. At the same time, the number
of priority cells also increases slightly, because the larger total occupancy of the buffer causes
priority cells to spend more time waiting in the queue.

Figure 8.38 shows the mean number of cells, broken down by class, calculated according
to equations (8.32), (8.38), and the procedure described above. The corresponding simulation
results are also shown.

As can be seen, in the final period, when the system approaches steady state, the mean
number of second-class cells is underestimated by the diffusion model. This results from an
overestimation of the loss probability for that class, as shown in Fig. 8.37. Nevertheless, the
model correctly predicts the dynamics of the changes in the numbers of cells of both classes.

It can be observed that, in the initial period, the number of cells of both classes increases.
Then, after the threshold is exceeded, the number of lower-priority cells begins to decrease,
because they are no longer admitted to the buffer. Finally, when the offered load decreases and
the queue starts to stabilise, the ratio between the numbers of cells of the two classes present
in the buffer also approaches a stable value.

8.3.4 Switching with taking packet size into account

Packets may have different lengths: each packet consists of a certain number (from 1 to K)
of blocks of fixed size. The buffer capacity N is defined as the number of blocks it can hold.
Transmission, and thus freeing of space in the buffer, occurs block by block. When the buffer
is close to full, only those packets are accepted whose number of blocks does not exceed the
number of free buffer slots.

We assume that the diffusion process represents the number of blocks currently stored in
the buffer. We assign a separate customer class to each packet size: class k, k = 1,2,..., K,
corresponds to the arrival of a batch of k tasks.

In the case of batch arrivals from a single customer class, the diffusion parameters are chosen
as

B =g —p, a:)\ug(Ci-i-CgQ)—l-,uC%,

where v, is the mean batch size and C'g2 is the squared coeflicient of variation of the batch-size
distribution.
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Figure 8.32: Distribution of the total number of cells of both classes in the buffer for selected
times t = 25, ...,500; buffer size N = 100, threshold value N; = 50; simulation results
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Figure 8.33: Distribution of the total number of cells of both classes in the buffer for selected
times ¢ = 25,...,500; buffer size N = 100, threshold value N; = 50; results of the diffusion
approximation
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Figure 8.34: Mean number of cells as a function of time; the threshold value Ny =
50, 60, 70, 80, 90 appears as a parameter; simulation results
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Figure 8.35: Mean number of cells as a function of time; the threshold value N; =
50, 60, 70, 80, 90 appears as a parameter; results of the diffusion approximation
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Figure 8.36: Probability that a buffer of size N = 100 is full, and probability that the threshold is
exceeded, as functions of time; the threshold value N7 = 50, 60, 70, 80, 90 appears as a parameter;
simulation results

00 e

0.8

0.6

N1=50 ---
N1=50
N1=60
N1=60
N1=70
N1=70 T
N1=80
N1=80
N1=90
N1=90

bufor zapelniony,
prog przekroczony,
bufor zapelniony,
prog przekroczony,
bufor zapelniony,
prog przekroczony,
bufor zapelniony,
prog przekroczony,
bufor zapelniony,
prog przekroczony,

04

0.2+

Prawdopodobienstwo zapelnienia bufora

200 300 400 500 600

Figure 8.37: Probability that a buffer of size N = 100 is full, and probability that the threshold is
exceeded, as functions of time; the threshold value N7 = 50, 60, 70, 80, 90 appears as a parameter;
results of the diffusion approximation
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Figure 8.38: Mean numbers of first-class and second-class cells as functions of time; N = 100,
N; =50

In our case, for class k, the batch size is constant and equal to &, so that
2
v =g, ch” =0,

The parameters of the aggregate input stream are therefore, according to formulas (7.12)
and (7.13) for a multi-class flow,

NOICEE!

K K
Al 2
2 _ (k)
ci=>  KCA => T (8.41)
k=1 k=1

where
K
Al = Z NWICE
k=1

The intensity A®el takes into account losses due to packet rejection when the packet no
longer fits into the buffer; it is obtained as the steady-state value in the next iteration. We

choose the initial values
AEBNI] — (k)

We then calculate the parameters (8.41), determine the distribution of the number of blocks
in the buffer using the G/G/1/N model, and compute the rejection probability for 1-block
packets as py. Accordingly, we set

ADE = D1 — py).
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The rejection probability for 2-block packets is py + p(N — 1), hence
A2 — @[] [1—pn —p(N —1)],
and, more generally,
AB2] — R[] [1 —pn—p(N—=1)—---—p(N —k + 1)]

For the new values of the input intensities, we recalculate the distribution of the number
of blocks using the model with state-dependent parameters, that is, solution (7.56), assuming
that for x < K all customer classes are included in the diffusion parameters, whereas for
N—-k—1<x <N —konly classes 1,..., k are included.

8.3.5 Synchronous switch

In many networks, a switch does not transmit packets continuously, but synchronously, at fixed
time intervals (time slots). Assume that packets are stored in a buffer of length N, and that
transmissions occur every T’ time units. At most r packets may be transmitted at one such
instant.

A diffusion process defined on the interval 2 € (0, N) and considered over the period [0, T]
allows us to determine the buffer occupancy. We proceed as in the description of the sliding
window (cf. Section 8.2.3): we model the process describing the accumulation of arriving
packets, with parameters

8=\, a = \CA.

At the point z = N there is an absorbing barrier: when the process reaches x = N, it
remains there until the end of the period [0, 7. Since the process has positive drift (8 > 0), we
neglect the boundary at x = 0 for simplicity.

If the process starts at @ = 0, then its density function p(z,t;0,N), where we explicitly
indicate both the starting point and the location of the absorbing barrier, has the form (cf.

equation (8.6))
{exp (—W) — exp <2iN G 25\;; ﬂt)2>] L (8.42)

1

Let g(t) denote the probability density of first passage to the barrier at = N, cf. equation
(8.7). Then

Y _ N (N — Bt)?
9t) =—— 7oop(:r,t,0,N)dx—Wexp (—M) (8.43)

The probability that at the end of the interval 1" the process is at N is

T
p(N,T) = /0 g(t) dt. (8.44)

Let us now describe the behaviour of the multiplexer over successive time intervals Tj,
i=1,2,.... At the start of each interval, we reset the process time to ¢t = 0.

If the number of packets at the end of interval T; is n; = n > 7, then at the start of the next
interval the number of packets is n — r. Otherwise, if n; < r, the buffer becomes empty.
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In the diffusion model, this is represented by taking the initial conditions 1**!(z) in interval
Tiy1 as

pitt = /0 Fila, T, N) da,

fily+nrT:9"N), 0<y<N-r,

V) =
0, N—-r<y<N.

Thus, if at the end of interval T; the process value is x? > r, then at the start of interval
T;11 the process is reset to ' '
1‘6+1 =y —,

whereas if a:} < r, it is reset to zero.
Equations (8.42) and (8.43) can now be rewritten for interval T4, taking the new initial
conditions into account. The density of the process is

N
f”l(ﬂzt;%b”l,N):/o Pl — &0, N — ) () de. (8.45)

The probability density that a process starting at x = £ at time ¢ = 0 reaches the barrier
at x = N at time ¢ is

i1, N=E (N — & — pt)?
g () = \/ﬁexp <_M> ) (8.46)

and, for the whole process with distributed initial condition,

N
(1) = /0 gt €) i (€) de. (3.47)

The probability that at the end of the interval the process is at N, that is, that the buffer
is full, is calculated from equation (8.44).

When analysing transient states, calculations are performed over the time horizon of interest,
divided into segments of length 7. The process parameters must remain constant within each
such segment, or else the segment must be subdivided further.

If the process parameters do not depend on time and we are interested in the steady state,
then the calculations are continued until convergence, that is until

f @, Ty N) & f(2,T; 9", N) as i — 00.

8.3.6 Multimedia switch

Let us consider a model of a statistical switch in an integrated-services network providing
two types of service: wideband (wideband, WB) and narrowband (narrowband, NB). A WB
connection requires the allocation of b channels to each customer, whereas an NB connection
requires only one channel.

There are r1b channels allocated to WB traffic and ro channels allocated to NB traffic. Thus,
the total number of channels is r1b + ro.

Customers of both types are stored in two separate buffers: one of capacity N for WB
customers and one of capacity Ny for NB customers. Customers arriving to a full buffer are
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lost. If, at the end of a time slot, some channels reserved for WB traffic remain unused, they
may be allocated temporarily to NB customers.

An analysis of the switch described above, based on multidimensional Markov chains, is
presented in [15], while an adaptation of the diffusion model G/D/c/N to describe the operation
of this switch is given in [62].

Here we use the synchronous-switch model introduced in the previous subsection. Let Ny
denote the buffer size for first-class customers (WB), and Na the buffer size for second-class
customers (NB). The maximum numbers of customers served in a single time slot are r; and
r9, respectively.

Let us assume two diffusion processes, X (t) and Xo(t). The process X (t) is the same as in
the previous model, except that each first-class customer requires b service channels. Therefore,
we assume

Bl = b)\l, ] = b)\lcil.

The process X(t) depends on X (t). This dependence can be expressed through the initial
condition of the process Xa(t): for the period (i + 1), the initial density function 15! takes the
form

- T2 . .
pifl = / Fia, Tsh, No) de
0

r1—1 J ro+j+1 )
Y 1= ne—n| [ f v N da
j=1 n=0 r

2+]
and
pziir)la for y =0,
7’171
fo(y + 11472, Tib3, Na) [1 - pi(r - ”)] 7 for 0 <y < Ny — (r1+12),
i+1 _ -
s (y) = n=0

ri—1 ) J
/ fa(y +r2+ 5, T3, No) ll =Y pi(r - n)} dj, for No —(r1+72) <y < Na—ra,
0

n=0

0, for No —ro <y < Na.

8.4 Correlation in the input stream

In integrated-services networks, strong variability is observed in the traffic intensity generated
by users, as well as autocorrelation in the transmitted packet stream. These properties are
illustrated by the signals shown in Figs. 8.39 and 8.40.

Figure 8.39, based on the measurements reported in [105, 104], shows an example of the
time-varying transmission rate of moving images encoded in the MPEG standard, whereas
Fig. 8.40 shows the autocorrelation function calculated for the same signal.

The observed nature of such data streams has a significant impact on the behaviour of
packet queues waiting for transmission at network nodes, and thus on the quality of service
offered by the network, expressed through the packet-loss probability and the variance of packet-
transmission times along the entire virtual path connecting two network nodes.

Queueing models used in computer-network analysis usually do not account for time-varying
transmission intensity; instead, they rely mainly on average traffic rates and analyse the network
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under steady-state conditions. They also generally ignore autocorrelation in the traffic streams,
assuming that successive interarrival times are independent random variables.

One of the few approaches that allows transient behaviour to be taken into account, and
thus permits the description of time-varying information flow, is the diffusion approximation.
Below we show how this method can be adapted to describe correlated information streams.
The results and numerical examples are taken from [25, 26].
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40000
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0 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
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Figure 8.39: Example of a measured traffic-intensity sequence during transmission of encoded
moving images; the horizontal axis shows the frame number, and the vertical axis shows the
frame size in bits

8.4.1 The influence of correlation and time-varying stream parameters on
the coefficients of the diffusion model

The traffic stream generated by network users is most often described by means of an MMPP
(Markov Modulated Poisson Process). In this model, the time-varying statistical properties of
the traffic are determined by the transient states of an underlying Markov chain.

Let us assume that the modulating Markov chain has M states. When the chain is in state
1, the parameter of the corresponding Poisson process is A;, which means that packet arrivals
occur at intervals described by an exponential distribution with mean )\2._1.

In the special case M = 2, one obtains an ON-OFF process. Markov models of systems
described in this way have often been used to analyse both steady-state and transient phenomena
associated with packet traffic, for example in [7, 69, 73, 72].

However, the size of the state space and numerical difficulties limit the practical use of exact
Markov models mainly to systems consisting of a single service station.

Using the diffusion approximation, we may generally assume that a Markov chain defines
phases in which the input stream, not necessarily Poisson, is characterised by the first two
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Figure 8.40: Autocorrelation of the traffic intensity (frame size) shown in Fig. 8.39, as a function
of frame-number lag

moments of the distribution of interarrival times, E[A;] = \; ! and E[A?].
Thus, if m;(t) denotes the probability that at time ¢ the Markov process modulating the
packet stream is in state 4, then the first two moments of the distribution of interarrival times

XM mmNEA) S w11
S mi()AE[AZ]
ElA@)Y] = =2 . 8.49
[A(t)7] S (O (8.49)

If \; = 0, i.e. the system is silent in phase i, then the term E[A?] in equation (8.49) is
replaced by the second moment of the duration of phase ¢, while \; = 0 is replaced by the
reciprocal of the mean duration of that phase.

The solution of the system of equations

dTZit) = zk: k() qris

where qi; are the transition rates from state k to state i, gives the state probabilities of the
modulating Markov chain.
We then use 7;(t) to determine the time-dependent diffusion coefficients:

BW) =AM~ alt) = AOCA() + nC},
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where

1 2 EA®)?
[A(?)] [A(®)]
In the case of a two-state Markov chain (an ON-OFF source), if r; denotes the transition
rate out of state j, j = 1,2, then the probability of being in state 1 at time ¢ is given by

mt | m(0)=1) = o expl(r+ )i+
mi(t| m(0)=0) = 2 [1 — exp[—(r1 + r2)t]] . (8.50)
r1+ T2

Here, m;(t | m;(0) = 1) denotes the probability that the chain is in state ¢ at time ¢, given
that it started in the same state at time ¢ = 0. Similarly,

mo(t | m2(0) =1) =1 —m(t | m1(0) = 0),
and
mo(t | m2(0) =0) =1—m(t| m(0) =1).

The time scale over which correlation remains significant is determined by the autocorrela-
tion function
R(t,7) = E[A(t)A(t + 7)] — B[A(1)]%,

which takes the form

Zm (1 | mi(0) = 1)AZ + ZT('] (1| mi(0) = 1) | - (8.51)
J#Z

We may also consider a superposition of K independent ON-OFF models or, more generally,
streams modulated by different Markov chains.

2
Let A*®)(¢) and Cj(f) (t) denote the parameters of the k-th ON-OFF source. The resulting
input intensity A(t) is simply the sum of all A() ().
Since the number of customers arriving from the k-th source during a time interval of length
2
t is approximately normally distributed with variance )\(k)(t)C’j(f) (t), and because the sum of

independent normally distributed random variables is itself normally distributed with variance
equal to the sum of the component variances, we obtain

=

A B t). (8.52)

k=1

The solution of the model with time-varying parameters is obtained, as before, by dividing
the time axis into short intervals and determining the model parameters within each interval.
After solving the diffusion equation for the transient state over a given interval, the solution at
the end of that interval serves as the initial condition (the function ) for the next interval, in
which different model parameters apply. Fig. 8.41 presents some numerical results indicating
good performance of diffusion approximation.

Example 8.9
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Figure 8.41: Queue distribution at t = 25 and ¢t = 50 — comparison of diffusion approximation
and simulation (150 000 repetitions); the source has two phases with A\; = 1.6 and Ay = 0.4; at
t = 0 the queue is empty; computation each A =1

Let us take as the unit of time the time required to transmit a single cell. For example, for
a channel with a throughput of 155 Mbps, this unit is equal to 2.7-1076 s. All cells are assumed
to have the same priority.

Cells arrive at a switch represented by a standard FIFO queue with finite capacity equal to
100 cells. The service time is constant. Consider the following two cases.

(a) The source alternates between two phases: a high-activity phase and a low-activity phase.
The durations of both phases are exponentially distributed, with average duration equal to 100
time units: 71 = ro = 0.01, c¢f. equation (8.50). The generated cell stream is Poisson with
intensity A1 = 1.6 cells per unit time when the system is in the first phase, and Ao = 0.4 cells
per unit time (case 1) or Ao =0 (case 2) when the system is in the second phase. At the initial
time t = 0, the system is in the first phase.

(b) Source with multiple phases: we consider a commonly used model of cell traffic generated
by moving-image transmission, introduced in [77] and later used, for example, in [72, 7], to
model statistically multiplexed video sources.

The aggregate process is represented by a continuous-time Markov chain with 31 states,
shown in Fig. 8.44. The transition rate for leaving state j is

r; = 1.03077(31 — j) + 2.5923;,
and the transition probabilities are

o 1.03077(31 — 7) pij—1=1—Dpjji1, 2 < j <30,
Pig+1 = 1.03077(31 — 7) + 2.5923; P12 =p3130 = L.
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Figure 8.42: Active and silent periods of cell generation

When the Markov chain is in state j, the traffic intensity generated by the source is
Aj=2.391(5 — 1).

In the original formulas, taken from [72], the unit of time is one millisecond. In the present
example, the coefficient values have been rescaled to match the previously selected unit of time.

Results for case (a).

Figure 8.45 shows, as a function of time, the average queue length predicted by the diffusion
model, compared with the corresponding simulation results.

In the simulation model, the operation of the system, with the same structure and the same
probability distributions, was represented using discrete-event simulation. The queue-length
trajectories were generated 10,000 times and averaged over the same time horizon.

The observed discrepancies are most likely due to the accumulation of numerical errors, since
calculations in a given time interval depend on the results obtained in the previous interval.
These discrepancies could be reduced by selecting shorter intervals over which the diffusion-
process parameters are assumed constant.

It can be seen that an ON-OFF system with exponentially distributed phase durations
produces correlated traffic only over a time horizon comparable to a single ON-OFF cycle.

Results for case (b).

Figure 8.46 illustrates the changes in queue length as a function of time and of the initial
state jo of the Markov chain.

In Fig. 8.47, the results for constant service times are compared with the results obtained
for exponentially distributed service times. This comparison confirms the conclusions of [72],
namely that the effect of the service-time distribution is negligible compared with the impact
of a variable and correlated input source.

Example 8.10

Cell-stream model

We assume that each source alternates between active and inactive periods, both erponen-
tially distributed with parameters v and 6, respectively, see Fig. 8.42.

During active periods, the source emits cells with intensity \,; during inactive periods, it
remains silent. The activity of the source is therefore controlled by a two-state Markov process
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Figure 8.43: Markov process controlling ON — OF'F source activity

ri1Pj-1.j YiPj. 541

(1\/.../\/\ /\ /“

riPig-1 Fjp1Pj+1.5

Figure 8.44: Markov chain used in the example to model a correlated cell stream
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that alternates between the active and inactive states, see Fig. 8.43.
Taking both active and inactive periods into account, the distribution of the interarrival
times between consecutive cells takes the form [44]

Fy(z) = [<1 - Q) + A’: (1 - e"<x1”v>ﬂ 1(z — 1/\,), (8.53)

where 1(x) denotes the unit-step function.
From this distribution, one can determine the average arrival rate of cells

0
A=EX]'=—=2) 8.54
X7 = (5:54)
and the squared coefficient of variation of the interarrival-time distribution
o VarlX] 11— (-
* E[X]? (7)‘7 + 0)‘7)2 .

(8.55)

The stream of cells arriving at the buffer is a superposition of many such independent
. 2
streams. We assume that there are K streams with parameters A(*) and C'(®)°,

Let us assume that the link bandwidth is 150 Mbit/s. The transmission time of a 53-byte ATM

cell is therefore
53 X 8

~ 150 x 106
seconds, which corresponds to a service rate

D—l

D = 0.3537 x 10°

cells per second.
We further assume that the traffic is generated by a superposition of two types of sources:

e Type A sources have active periods with an average duration of 10 ms and silent periods
with an average duration of 90 ms. During an active period, the source emits cells at the
maximum link rate,

Aa = D = 0.3537 x 10°
cells per second.
The average intensity of traffic generated by a type A source is

0.01

M=
0.01 + 0.09

Aa=0.1)\4.

Using equation (8.55), we obtain
2
cM” = 5731.67.

e Type B sources have active periods with an average duration of 10 ms and silent periods
with an average duration of 40 ms. During an active period, the source also emits cells at
the maximum rate

A = D = 0.3537 x 10°
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cells per second.

The average intensity of traffic generated by a type B source is

0.01

B

— T A =02)\g.
0.01 +0.04" 5 B

The corresponding squared coefficient of variation is
aB? _
= 930.10.

Initially, the multiplexer receives traffic from three type A sources and one type B source.
At time t = t1, the offered load increases, and the traffic originates from four type A sources
and two type B sources.

For t < t1, the diffusion-process parameters are

2 2
ap =3 1 aBelP)” = 645687 456,

B =33 + AP — D = —360 150.
For t > t1, the parameters become

2 2
ay = ACY” 42080 = 885916289,

By = AN + 208 — D = —70740.

The coefficients a1, 81 and aw, B2 determine the density function of the corresponding diffu-
sion process. For example, one may assume that before ¢ the system operates in steady state,
and that the steady-state solution (7.32) with parameters aq, 31 serves as the initial condition
1 (x) for the transient solution (7.37) after the change at ¢t = ¢;.

The transformed probability py(s), whose numerical inversion gives py(t), can then be used
to estimate the time-varying cell-loss probability L(t) for ¢ > t1, according to equation (7.47).

8.5 Traffic within the network

8.5.1 Changes in packet flow along the virtual path

The model presented below is described in more detail in [24].

Figure 8.48 illustrates the model under consideration, consisting of M stations connected in
series. Each station represents a network node forming part of a virtual path, through which
packets are transmitted from the source point A to the destination point B.

Each station receives two traffic streams: the cells (packets) of the virtual circuit itself and
the local traffic generated at the node. Each of these streams consists of two classes of tasks,
corresponding to priority cells (class 1) and ordinary cells (class 2).

Let )\Evc’k) denote the intensity (measured as the number of packets transmitted per unit
time) of class-k packets, k = 1,2, belonging to the virtual circuit and entering station i, i =
1,..., M. Similarly, let )\El’k) denote the intensity of local traffic of class k at station q.

The superscripts in parentheses denote packet classes, whereas the subscripts indicate the
station number.
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Figure 8.45: Time-dependent average queue length in a network switch; ON-OFF source with
phase durations defined by the parameter 1/a = 100; A\; = 1.6, Ay = 0.4 (average A = 1.0, case
1) or Ay = 0 (average A = 0.8, case 2); constant service time; results of simulation and diffusion
approximation
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Figure 8.46: Time-dependent average queue length in the switch; the source is controlled by a
31-phase Markov chain, with initial phase jo = 21, 23, 25; constant service time; results of the
diffusion approximation and simulation
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Figure 8.47: Time-dependent average queue length in the switch; the source is controlled by
a 31-phase Markov chain, with initial phase jo = 21,23,25; comparison of exponential and
constant service times

2
At the first station, the values of )\gvc’k) and C’S]f’k) are given. For subsequent stations,
2
these values must be calculated. The local-traffic parameters )\El’k) and C’X;k)
be known for every station.
The coefficient CE‘ denotes the squared coefficient of variation of the distribution of inter-

arrival times. Service times are constant and identical for all tasks in the queue:

are assumed to

1 1 1
= ==, (8.56)
ve,k L,k
" it
2 2
olel)™ — obT o p=12, i=1,...,M. (8.57)

For the virtual-path problem, we assume that

2 2
k) :@%ﬂw i=2,..., M.

The symbol A refers to arrivals, B to service, and D to departures.
In the steady state, the virtual-circuit flow rate is the same at all stations:

Alvek) — ylveh) i — o M

In the transient state, the parameters \;, wa and 012% vary with time. We must therefore
distinguish between the input intensity \; i, (f) and the output intensity A;out(t) of station i.
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Figure 8.48: Virtual-path model

The interdeparture times from node i are described by a distribution with density d;(t), for
which the output-stream parameters satisfy

Pl =5, oit(t) ey i(t) el ; (5:3%)
Chi(t) = CLMON— e + a1 — ai()], (859)

where
0i(t) =1 —pio(t),

and C3,(t) is the squared coefficient of variation of the interdeparture-time distribution d;(t).

At the moment when the input parameters change, the composition of the queue is still
determined by the previous parameters. Thus, for some time, the probability that a departing
customer belongs to class k depends on the old values of )\Z(k)
value of p;.

and J;, combined with the new

When the service time is constant and equal to 1/, this delay is 2/u, where z is the number
of customers in the queue. The density function of the corresponding delay distribution has the
same form as the queue-length density f at the time ¢ = t.;, when the input parameters change:

= f(x,tep; x0)0 —$):1 s ten; o). .
a() = F(@, tens 20) (t 2) = 2 Ftntoi o) (8.60)

Our algorithm assumes that the parameters change only at the beginning of each successive
interval At, while remaining constant within the interval.
Let the value of a parameter, for example \;, during the j-th time interval, i.e. for

€ [jJAtL, (j + 1)AL),

be denoted by A;(j).

Let 6’1( 131( /) denote the proportion of class-k customers in the input stream to station ¢ during

the j-th time interval:

o () = )‘E,@l(j)
ST N ()

The composition of the output stream of station ¢ during interval j can then be expressed
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as
h h—1
00 () = D P> (- Duastij — 1+ 11085 — 1) [ Plni < muast; m]
=2 m=l
h—1
+000 G = 1) [T Plni < mpat;m], (8.61)
m=l
where
b
[[o=1 ifb<a,
N
h _ —
AL’

N is the queue capacity, and pAt is the number of customers that can be served during the
interval At.
For simplicity, we assume that N is an integer multiple of pAt.

Example 8.11
Let us assume the following numerical parameters. The virtual link consists of M = 4 nodes,
and the transmission time of a cell is equal to one unit of time, i.e. i =1.
We assume that the local traffic parameters are constant and identical for all stations:
i N T UaY A —Ya T
The flow of priority cells entering the first link of the virtual path is time-dependent: during
periods of low activity,

ve,l ve,1 2
Ao =005, b =1,
and during periods of high activity,

(ve,1) _ (ve,1)? _
MY =050, Oy =0.50.

The high-activity period lasts 20 time units, while each low-activity period lasts 80 time

units.
The stream of lower-priority cells in the virtual path has parameters independent of time:

2
A — 005, o =1

Figure 8.49 shows the traffic intensity A1 in(¢) at the input of the first station and the output
flows i out(t), ¢ = 1,...,4, for successive stations.

We assume that at ¢ = 0 the system is in a steady state corresponding to the low-activity
period. The duration of intervals in which the model parameters are constant is taken as At = 5
time units. Propagation delays are neglected.

During the initial phase of high activity, differences between the output intensities A; out (%)
are visible, but these differences gradually disappear over time.

Figure 7?7 presents the evolution of the average queue lengths E[N;(t)] corresponding to the
assumed dynamics of the input streams.
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Figure 8.50 shows the coefficients of variation of the response times for individual stations.
It can be observed that the first two stations (i = 1, 2) exhibit different characteristics, in which
the influence of the input flow of the virtual path is clearly visible. For subsequent stations, this
influence becomes negligible, and the behaviour of the stations becomes practically identical,
provided that their local traffic is the same.

For m stations connected in series and having identical coefficients C%, the coefficient of
variation of the total response time is given by

1
2 2
CRi..Rp = aCR-

Figures 8.49-77 refer to the total traffic flow.
(ve,1) (t), )\(UC,Q)

7,0ut i,0ut

Figure 8.52 presents the output flows A (t) of priority and ordinary cells in the

virtual path, as well as )\g(’i)t(t), /\gﬁl)t(t) for local streams, compared with the total intensity
Ai(t).

Figure 8.53 shows, in an enlarged view, the evolution of the flow A

At the beginning of a high-activity period, the flow /\quui)(t) increases proportionally to

0i(t) (i.e. to Ai(t)), because the composition of serviced cells is still determined by the previous
(low-activity) parameters.

(’UC,Q) (t) .

i,0ut

Later, the region with an increased proportion of priority cells moves towards the head of

(ve,1)
i,0ut

Figure 8.54 shows the loss factors LY () and L(?)(t), defined as the ratio of the number of
lost cells per unit time to the arrival intensity of cells of a given class, assuming the push-out
policy and a buffer size of N = 15.

the queue, and the output stream A (t) increases significantly.

1.1 |

0 30 100 150 200 250 300 czas

Figure 8.49: Intensity of the input stream at the first node and the output intensities at subse-
quent nodes of the virtual path
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Figure 8.50: Average number of cells E[N;(t)] in nodes ¢ of the virtual path

8.5.2 Irregularities in packet transmission times through the network

Packets are generated by their source at regular time intervals. However, while traversing
the network, their rhythm becomes disturbed due to random waiting times at intermediate
nodes. This phenomenon is referred to as jitter: packets sometimes arrive too close together
and sometimes too far apart.

Solving the diffusion equation and obtaining the function f;(z) for station ¢ yields not only
an approximation of the number of customers present at the station. Since the service time is
constant, it also provides an approximation of the response time R;, i.e. the time spent by a
cell at station 4. Its density function r;(y) is given by

ri(y, t; ) = pfilp(y — 1), ;9] (8.62)

The argument of the function is shifted by 1 in order to include the service time of the tagged
customer.

The total transit time through m consecutive stations of the virtual path may be estimated
as an m-fold convolution of the functions r;(y, t;):

r..m(y) =r1(y) * - xrp(y), m=2,...,M. (8.63)
Thus, the response-time density depends directly on the queue-length density through
ri(y, i) = pfilpy — 1,59).

The density function ri_,(y,t;¢) of the total transit time through m stations can therefore
be determined in the same way as in (8.63), namely by repeated convolution of the functions

Example 8.12

Let us assume that M =5 stations form a virtual network. The buffer size at every station
is N = 80. The service time is constant and equal to 1/pu = 1.
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Figure 8.51: Coefficient of variation of response times for individual nodes ¢ in the virtual path

The results determining the transmission delay, in the form of the distribution of the time
required to pass through all stations in the network, calculated according to (8.62), are shown
in Figs. 8.55 and 8.56.

The function 7(y) shown in Fig. 8.55 is calculated for the following parameters of the traffic
streams at the five stations forming the virtual path. Parameters marked with the superscript
(v) refer to the virtual-path traffic, while parameters marked with the superscript (1) refer to
local traffic, transmitted together with the virtual-path traffic through only a single node, whose
number is indicated by the subscript:

2 2
2 2
AW=03 ¥ =10 A =04, ) =05,

2 2
AW=o045, o =15 A=02 Y =20

The simulation results shown in the same figure represent the histogram of transit times for
200000 cells. )

Figure 8.56 illustrates the influence of the coefficient of variation C’le) on the transit time.
The three curves shown correspond to

v 2 v 2 v 2
cW =10, ¥ =50, )" =100.

Compensation for traffic irregularities

Irregularities in the arrival times of cells at their destination may be reduced by introducing
an additional station at the end of the path, immediately before the receiver. This station
collects cells and then transmits them onward at regular intervals.

The operation of this station consists of two alternating periods. During the period 77, cells
are accumulated in the queue. During the period 75, they are transmitted onward at regular
intervals. The station buffer has finite capacity and can store at most N packets.

Using the diffusion approximation, we wish to determine:
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Figure 8.52: Output intensities A (t) and A (t) for priority and ordinary cells in the

e the probability that the buffer capacity is exceeded during 77, resulting in packet loss,

e the probability that the number of packets drops to zero during 75, thus interrupting the
regular output flow.

Let A and C’i denote the parameters of the input stream.
During 77, cells accumulate in the buffer, so the distribution of the number of packets N (t)
is approximated by a diffusion process X;(¢) with parameters

8=, a = \C3,

starting at ¢t = 0 from x = 0, with an absorbing barrier at x = N. Once the process reaches
x = N, it remains there until the end of period 17, just as a queue remains full after overflow.
The density function of the process is [18]

1 (z — Bt)? 26N (z —2N — Bt)?
pi(x,t) = m[exp <—M>—exp< o St ﬂ, 0<z<N.

At the end of period 11, the probability that the queue is full is

Ty
p1(N,Th) = /O g(t)dt, (8.64)

where ¢(t) is the density of the first-passage time from zo =0 to x = N:

N _ 342
g(t) = _% /oopl(%t) dr = \/gwexp <—(N2aft)> . (8.65)

During the period T5, the station continues to accept new cells arriving from the network
with the same parameters as before, while transmitting them at fixed intervals A.
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Figure 8.53: Output intensity A

We approximate the number of cells during 75 using the diffusion model of a G/G/1/N
queue, with the initial condition ¢ (z) defined by

[ pi(z,Tn) for 0<z <N,
w(:v)_{m(N,Tl) for z = N.

When selecting the diffusion parameters, the constant service time must be taken into
account: .
—=A, Ci=0.
7
To obtain the probability density that the process reaches the lower barrier for the first time
at time ¢, we consider a diffusion process with an upper barrier at x = N and returns from
r=Ntox=N-—-1.
The equations for diffusion with return processes are modified to

Fot0) = oot + [ oxoa(Ioant =N = 1) dn (5.66)
IN(t) = p1(N,0)6(¢) + [1 = p1(0,0) — p1 (N, 0)]yy,n (¢)
+ /0 thfl(T)'YNfl,N(t—T) dr, (8.67)
() = p1(0,0)5(t) + [1 = p1(0,0) — p1(N, 0)]vy,0(t)
+/Ot gN-1(T)YN-1,0(t — 7) dT. (8.68)

Using these equations, we determine the probability p2(0,¢) that by time ¢ the buffer has
become empty at least once, thus interrupting the regular output rhythm:

p2(0,1) :/0 ~Yo(T) d. (8.69)
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Figure 8.54: Loss factors L()(t) and L®)(t) for both classes in the first section of the virtual
path, during periods of low and high traffic intensity

The packet loss probabilities associated with the finite buffer size are

Here, Ly corresponds to losses during 77, while Ly corresponds to losses during T5.
The probability that the system never becomes empty during 75 is therefore

1- b2 (Oa T2)7
obtained from (8.69).

Example 8.13

Let us assume that the size of the compensating buffer is N = 30, and that the two alter-
nating periods of its operation described above have lengths T1 = 100 and T> = 500 time units,
respectively. During the period To, packets leave the buffer at reqular intervals A = 1 unit of
time. We wish to analyse the behaviour of an initially empty buffer over a single cycle consisting
of the periods T and Ty. The parameters of the input stream are given in the captions to the
figures below.

Figs. 8.57, 8.58, and ?? refer to the period T7.

Fig. 8.57 shows the queue-length distribution p; (z,t) as a function of time. The results of the
diffusion model are compared with simulation results, obtained by averaging 50,000 independent
transient simulation runs.

Fig. 8.58 shows the influence of the coefficient of variation C% of the input stream on the
queue-length distribution at a selected instant within the period T7.

Fig. 77 shows the probability p;(N,t) that the buffer becomes full by time ¢ € [0,T}], as a
function of time ¢ and the coefficient Ci. The curve corresponding to Ci = 1 is compared with
simulation results.

Fig. 8.60 presents probability Lo of cell loss as a function of time ¢t € Ty for A = 0.9; results
of the diffusion approximation and simulation.
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Fig. 8.61 shows the probability p2(0,t) that the buffer becomes empty for the first time
during the period T5.

The parameters chosen in this example are extreme: during the period T, the queue over-
flows, whereas during the period 75 it almost empties completely.
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Figure 8.57: Queue-length distribution pj(z,t) during the period T as a function of time;
A=0504=1N=30

8.6 Reactive control models

The ECN (Explicit Congestion Notification) mechanism, included among reactive traffic-control
functions, operates according to the principle of feedback: when a network node reaches a
prescribed congestion level (for example, a given queue length or a given number of packet
losses over a specified time interval), the node sends a congestion notification to the source,
which is then required to reduce its transmission intensity [118].

After a period during which no such notifications are generated, the source is again allowed
to increase the rate at which it transmits information.

The technical implementation of this signalling may take one of two forms: either special
control packets are sent directly from the congested node, or the node modifies a bit in the
headers of packets that continue downstream (the so-called FECN, forward ECN bit). This
serves as a message to the destination node, which, when acknowledging the received packets,
informs the source that congestion has occurred along the path. The second method is simpler,
but introduces a longer signalling delay.



260 CHAPTER 8. DIFFUSION APPROXIMATION, APPLICATIONS

0.12 . . . . .
CA2=05 — CA2=05
CA2=1.0
CA2=20 -
01} CA2=3.0 .
CA2=50 ---
/
/ \
008 | / e \ .
0.06 |
0.04 |
002 [
o Ll e ~
0 5
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Figure 8.59: Probability p;(N,t) that the queue becomes full by time ¢ € [0,T1], as a function
of time ¢ and the coefficient of variation Cfl of the input flow; A = 0.5, N =30
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Figure 8.60: Probability Lo of cell loss as a function of time ¢ € Ty for A = 0.9; results of the
diffusion approximation and simulation

1 T T T T T T T T T

‘diffusion’ —
'simulation’ ----- .
.;"M‘#F
08 - B
06 B
04 B
02 B
0 1 o“""'l 1 1 1 1 1 1 1
50 100 150 200 250 300 350 400 450 500

Figure 8.61: Probability ps(0,t) that the queue becomes empty at least once by time ¢ € [0, T5],
as a function of time ¢; A = 0.9, N = 30, Cfl =1
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The ECN mechanism must therefore be taken into account in the diffusion model.
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Figure 8.62: Queueing model with congestion notification of types FN and BN

A virtual-queue model with a feedback mechanism is shown in Fig. 8.62. The number of
service stations is arbitrary. For simplicity, in the following model we omit the cell classes and
the queueing disciplines considered in the previous examples. The control delay is determined
by the propagation time, the decision time, and the response time.

Example 8.14

Let us assume that this delay is relatively short, A = 100 time units, and that the active
period is relatively long, so that the effect of control is wvisible within a single active period.
Assume that 300 cells are transmitted during each active period. QOutside the active periods,
which recur every 1000 time units, the source remains silent.

The local traffic intensity is constant:

2D =05

cells per unit of time. The buffer can hold 150 packets.
At the beginning of each active period, the virtual link starts transmitting at the mazimum
rate

)\(cv) -1

cell per unit of time.
When the queue length exceeds the threshold level

S, =20
cells, a command is sent to the source to reduce its transmission rate according to
A 0.667 M),

This command reaches the source and is executed after A time units.

After a period of A1 = 140 time units, that is, 40 time units after the change in traffic in-
tensity, the queue is checked again: if its length still exceeds the threshold S,, another command
1s sent to reduce the source activity.
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If the queue length is less than
S; = 10,

a command is sent permitting an increase in activity, according to
A 1.5 \(e),

We do not analyse the effectiveness of this example protocol here; our aim is only to present it
in the form of a model. Figure 8.63 compares the simulation results with those of the diffusion
model (diffusionl and diffusion2, defined earlier on p. 77).

In the diffusion model, control decisions are made on the basis of the instantaneous value
of the mean queue length predicted by the model. One may also use, as a congestion indicator,
the value py(t) predicted by the model.
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Figure 8.63: Control during an active period covering the transmission of 300 cells. Control
decisions are visible as abrupt changes in the input-stream intensity; simulation and diffusion-
model results

Let us now assume that the source activity periods are short (25 cells transmitted in each one)
and frequent (every 150 time units). The source response time remains as before, A = 100
time units, so the control algorithm cannot affect the source during the same activity period in
which congestion arises.

Local traffic (which represents the aggregate of flows belonging to other virtual networks)
changes slowly and non-periodically. The thresholds S, = 20 and .S; = 10, as well as the control
period A; = 140, remain the same as before. The control algorithm reduces the permissible
peak activity according to

Aev) 0.5 2(ev)

or increases it according to

M) g \(ev),
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Figure 8.64: Control of the flow generated by the source during an active period comprising 300
cells, with control step A = 100 (case 1), and during an active period of 250 cells with A = 80
(case 2); mean queue length; simulation and diffusion-model results
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Figure 8.65: Control of the flow generated by the source over three consecutive active periods
of 25 cells each
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Figure 8.65 illustrates an example of this mechanism: the first active period, accompanied
by heavy local traffic, causes the source activity in the next active period to be reduced by half
(and thus that period lasts twice as long); subsequently the queue decreases, and the algorithm
allows full source activity during the third period.

|

8.6.1 Feedback control: a simplified model

As shown in Figs. 7.4 and 7.5, the average queue length at a station, following a step change
in load, evolves along a curve similar to an exponential function. Its parameter depends on the
coefficient of variation of the interarrival-time distribution, the service-time distribution, and
the degree of system utilisation; see Fig. 7.6.

Therefore, if we treat the traffic intensity as the input signal and the average queue length
as the output signal, then the service station may be regarded as a first-order inertial system,
that is, as an object that transforms the unit-step function 1(¢) (1(¢t) = 0 for t < 0, 1(¢t) = 1
for t > 0) into the function

k (1 — et/ T) ,

where the constant k denotes the system gain and the constant T' characterises the speed of
change of the output signal.

The dynamics of the output will be similar if, instead of the average queue length, we
consider as the output signal the loss factor L(Y)(t) or L(?)(¢), although the gain coefficient will,
of course, be different.

Let X;(s) denote the Laplace transform of the time-varying input signal at input 4 of the
network, and let Y;(s) denote the Laplace transform of the output signal (the average number
of packets in the queue or the loss factor). If the transfer function of the system is

_ k;
l(s) 1 + 51—%7
then the output signal is given by
Yi(s) = Ki(s)Xi(s) = ki Xi(s) (8.70)
7 - 7 (2 - 1 + Sz—,z (2 . .

The parameters k; and 7T; for station ¢ depend nonlinearly on the system utilisation and on
the first two moments of the interarrival-time and service-time distributions:

The attenuation of the signal transmitted back to the source is modelled by an element
whose transfer function has the form

inesti.

The complete model is shown in Fig. 8.66, and an example time course of the signals is presented
in Fig. 8.67.
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8.7 Conclusions

The examples presented in this chapter illustrate several ways in which diffusion approximations
can be used to analyse phenomena occurring in modern wide-area integrated-services networks.
These applications include methods for controlling the traffic admitted to the network, ensuring
packet-priority differentiation, modelling packet-queueing algorithms in network switches, pre-
dicting the behaviour of data streams traversing the network, describing irregularities in packet
arrivals at the destination, and analysing feedback-based reactions to congestion arising in the
network. In all of these applications, diffusion approximation proves to be a useful tool.

Its main advantages include the flexibility of adapting the method to different situations and
queueing algorithms, the possibility of constructing models in the form of arbitrarily configured
networks of stations, the ability to include multiple customer classes and arbitrary input streams
and service-time distributions, and, above all, the ability to analyse transient states. From the
models presented in the examples, a more general network model can also be constructed.

The disadvantages of the method should also be emphasised. In some cases, the approxi-
mation errors are not negligible. Moreover, in the analysis of transient states, the numerical
inversion of Laplace transforms requires considerable effort in developing suitable software. This
implementation must be carried out carefully in order to avoid numerical errors associated with
manipulating very large and very small values.

Nevertheless, the computational effort required is significantly lower than for comparable
Markov or simulation models, while the accuracy is higher than that obtained from fluid ap-
proximations. It therefore appears that the diffusion-approximation method is well suited to
the analysis of packet (cell) traffic in modern B-ISDN networks.

The large volume of information generated by variable-rate sources, combined with a policy
aimed at high link utilisation, leads to transient congestion in network buffers. The traffic-
control algorithms considered here therefore require an analysis of transient states.

The diffusion-approximation method naturally provides such a description. It is more ac-
curate than the so-called fluid approximation, which treats information flows as the flow of
a fluid through a network of pipes and takes into account only average transmission values.
At the same time, it is less complex and requires fewer computational resources than Markov
models, which typically lead to very large systems of differential equations that must be solved
numerically.
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Chapter 9

Fluid flow approximation

Queuing models usually refer to single nodes or small topologies. However, it is crucial to assess
the impact of various decisions, such as introducing new protocols or devices, on a much larger
scale corresponding to the size of the Internet.

The fluid-flow approximation can be used for this purpose. This method may be regarded
as an extension of Mean Value Analysis adapted to the study of transient states.

The number of customers in the system n(t) may be compared to the volume of water in
a reservoir, while the input and output streams of customers correspond to the flows of water
entering and leaving the reservoir. The evolution of the queue length is thus described by a
simple differential equation, where A(¢) is the time-dependent input rate and p is the constant
output rate:

. (9.1)

dn(t) { A(t) — n(t) >0,
max{0, \(¢) — u}, n(t)=0.

This simplified approach was introduced by Moran [84] to study water reservoirs and storage
systems, and was later adopted in computer science. It has been used for the analysis of
computer networks in a series of papers by Towsley and his collaborators, e.g., [76, 82], and
subsequently by other authors, such as Sakumoto et al. [108].

The fluid-flow approximation is a first-order model: time-dependent flows and queue lengths
are represented only by their mean values and are linked by first-order differential equations.
Consequently, it is less accurate than the diffusion approximation. A numerical comparison of
diffusion and fluid-flow methods for modelling transient states was presented in [91].

The simplicity of the fluid-flow approximation makes it possible to construct models of much
larger networks and to analyse systems of a scale that would be infeasible using more detailed
stochastic approaches. In particular, it enables the study of traffic control mechanisms applied
in the TCP/IP stack.

The TCP policy controls the sending rate using the congestion window, which determines
the number of packets that may be transmitted without waiting for acknowledgments. In the
classical algorithm, this window is increased (by one or a smaller value) upon the arrival of each
acknowledgment and sharply decreased (typically halved) when a packet loss is detected.

We assume that packet loss is caused by congestion in a bottleneck router located somewhere
along the path between the sender and the receiver. This behaviour can be described by the
following equations:

269
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&~ RM 2 Re_Rwy PR (9.2)
K(t)

at _ ] w " a6 >0, 0s)

dt max{o,—0+R((tt))W(t)}, q(t) =0,

where:
e W(t) is the TCP congestion window size [packets],
e ¢(t) is the average queue length at the bottleneck router [packets],

e R(t) is the round-trip time [s],

C' is the link capacity [packets/s],

p(t) is the probability of packet dropping or marking,
e K(t) is the number of active TCP sessions.

Equation (9.2) can be extended to include the slow-start phase and timeout losses, see [82].

The fluid-flow approximation can be used to analyse the stability of TCP/IP traffic control.
The system of equations describing TCP flow dynamics is linearized around an operating point,
and the resulting model is expressed in terms of transfer functions. Both the queue and the
RED mechanism are represented as first-order inertial systems.

The resulting control loop can then be analysed using standard tools of linear control theory,
and stability can be assessed, for example, using the Nyquist criterion.

To incorporate unresponsive flows into the model, Eq. (9.3) is modified as follows [47]. Let
[(t) denote the traffic of responsive flows and wu(t) that of unresponsive flows.

Assuming that u(t) is a stationary process with mean value ug and small fluctuations on a
finer time scale, it may be approximated as constant. This effectively reduces the bandwidth
available to responsive flows:

~(C =)+ g W) olt) >0,
qt) = K(t) (9.4)
max {07 (O =) + R(t)wm} L ah =0,

Linearization around the operating point (Wy, po, qo, uo) leads to the following transfer func-
tions (expressed in the Laplace domain):

W(s) = —Puin(s)ep(s),  U(s) = -W(s), (9-5)

q(s) = Paue(s) [I(s) +u(s)],  p(s) = q(s) Cagm(s), (9.6)
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where
RoClyy
2 1
Pwin(s):LM) Pque(s): T 1 Ceff:C_u07
S+ Effi
s+ S C  Ro
RGCeyy

and Cygm(s) is the transfer function of the AQM controller.

These equations are complemented by relations defining the packet dropping or marking
probability as a function of the average queue size. In the case of the classical RED algorithm,
the dropping probability is given by:

0, if avg < ming,
avg — ming,

Pd = ————————— -maxy, if ming, < avg < maxy, (9.7)
maxy, — ming,

1, if avg > maxy,.

The moving average avg is computed upon each packet arrival and acts as a low-pass filter
for the instantaneous queue length:

(1 —w)avg +wn, if the queue is not empty,
avg =
(1 —w)**avg, if the queue is empty,

where w is a small constant parameter and n is the instantaneous queue size.

The averaging process (denoted by z) may be modelled as:

dr  In(1—w)

== 2 o) - 2(0), (98)

where A is the interarrival time of packets, typically approximated as A = 1/C.

Thus, the transfer function of the RED mechanism, relating changes in queue length dq to
changes in packet loss probability dp, takes the form:

k
k+s

Caqm(s) = Lyeq -

I

where T
kE=—-Cln(1l —w), Lyeg = ——— 2 ——.
Maxy, — Mingg,
If a different AQM algorithm is used, the corresponding transfer function Cpgm (s) must be
modified accordingly.

The round-trip time is computed as

where

e g, is the vector of mean queue lengths along connection ¢,
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e V, is the set of nodes belonging to connection 7,
e T} is the propagation delay between nodes j and j + 1,
e L; is the set of links along connection 3.

Following TCP principles, the intensity of each flow 4 is determined by a time-varying
congestion window size W; maintained by the sender. Equation (9.10) describes the evolution
of the congestion window according to the basic Reno algorithm. Although it is no longer
widely used, it serves as a reference model in the performance evaluation of newer TCP variants
(3, 4, 107, 83, 56].

Following the original fluid-flow approximation studies, we focus on the congestion avoidance
phase of TCP Reno. At the same time, the model can be extended to include slow start and
fast retransmit/fast recovery phases, or to replace Reno with other protocols.

The window size increases by one per round-trip time in the absence of packet losses (first
term on the right-hand side of Equation (9.10)) and decreases by half its current value, with a
delay 7 (since the sender is not immediately aware of the loss), when packet losses occur along
the flow path (second term).

The loss intensity for connection ¢ is computed as the packet sending rate

Wi(t — 7')
Ri(q;(t — 7))

multiplied by the probability that a packet is lost along its path. Therefore, the evolution of
the congestion window is given by:

AW (1) LW Wili=n) ) Ty, (9.10)

i Ra®) 2 Eg-n) AL
where p;; is the packet loss probability for flow 7 at node j.

In AQM mechanisms used to control TCP/IP connections, packets may be dropped even
if buffer space is still available. The drop probability p(xy) for the k-th packet is defined in
Equation (9.12) according to the Random Early Detection (RED) mechanism [8, 33]. It depends
on the weighted moving average of the queue length:

T = wrp—1 + (1 — w)qk, (9.11)

where 0 < w < 1 determines the balance between historical and current queue states.

This average acts as a low-pass filter, smoothing short-term fluctuations and emphasizing
long-term trends. The choice of w (as well as thresholds ¢y, and tnax) depends on traffic
characteristics [90, 1]. In this model, we use a typical value w = 0.95. Unlike real networks
where updates occur at packet arrivals, the model updates zj, at fixed intervals A = 0.1s.

The drop probability is defined as:

07 0 S T < tmina

T — tmi
p(fl'k) = 7mmpmaxa tmin < Tk < tmax, (912)

tmax - tmin

1, Tr > tmax-
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9.0.1 Fluid-Flow Approximation of an Energy-Efficient Node

We assume that a router operates either in normal mode or in energy-saving mode. In the
latter, the router does not serve packets but continues to buffer them.
Two queue-length thresholds define the operating mode:

1. When the queue length ¢ decreases to the lower threshold T}, service is switched off.
2. When the queue length increases to the upper threshold T > T4, service is switched on.
3. Otherwise, the operating mode remains unchanged.

The hysteresis Tp — Ty prevents frequent switching between modes. The queue dynamics
are then described by:

K
Wi(t)
——N; —H(q;(t) >0)C;, q; >Tg,
;RZ(Q(t)) (J() ) J J B
K
Wi(t)
7Ni7 q; S TA7
dg;(t) _ Z; Ri(q(t)) ’ (9.13)
@ in —H(gj(t) > 0)Cj, Ty <qj <Tp, (normal mode) |
g Rz(q(t)) 7 q] I A QJ B> 9
K
Wi(t) .
—— N, Ty < q; <Tp, (energy-saving mode).
; Bl < q; <Tp, (energy g )

We compare two networks with identical topology and traffic: one composed of standard
routers and the other of energy-aware routers.

To compare the performance of both networks, an exemplary topology consisting of 134,000
nodes and 50,000 flows was considered.

In the basic network, only 3.52% of routers were idle for less than 25% of the time. Most
routers (94.17%) were idle between 25% and 50% of the time, while only 2.31% of nodes were
idle up to 75% of the time.

In the energy-saving mode, the results change significantly. A negligible fraction of nodes
(0.0024%) were in a non-transmitting state for less than 25% of the time. Only 0.84% of routers
were idle up to 50% of the time, whereas as many as 99.15% of routers did not transmit for up
to 75% of the time. A very small fraction (0.006%) remained inactive for the entire observation
period.

The second set of results concerns the congestion rate. We introduce two indicators: C'Ry;
and C'Ry;. The first is defined for each node i as the time-average of the ratio between the
queue lengths in the energy-aware network, ges, ;, and in the basic network, gy, ;, according to:

T

1 N

CRy; = 7 E desiy , for gn,; >0, (9.14)
j:1 Qni,j

where T' denotes the number of observation intervals.
The second indicator is defined as the ratio of average queue lengths:

1 T
T Z]:l QESZ'J'

CRy; = .
1 ~~1
T Ej:l An; ;

(9.15)
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The values of C'Ry; range from 0.1876 to 34,774.9 and are grouped into six categories:

(a) CRy; > 10,000 approximately 0.0048% of nodes,
(b) 1,000 < CRy; < 10,000 approximately 0.054% of nodes,
(c) 100 < CRy; < 1,000 approximately 0.38% of nodes,
(d) 10 < CRy; <100 approximately 4.9% of nodes,
(e) 1< CRy; <10 approximately 93.33% of nodes,
(f) CRy; <1 approximately 1.33% of nodes.

Most values indicate that congestion in the energy-saving mode is typically between 1 and
10 times higher than in the normal mode (category (e), see Figure ?7?).

Further analysis reveals that nodes in category (a) correspond to routers with very small
buffers (e.g., 18, 63, and 309 packets). In the normal mode, queue lengths at these nodes are
nearly zero (on the order of 1076 for 18-packet buffers and 10~ for 309-packet buffers), whereas
in the energy-saving mode they exceed the threshold Ts (25%).

The indicator C'Ry; is highly sensitive to transient spikes in the ratio qij# Even a single
large value can significantly inflate the metric. To mitigate this effect, we introduce C Ra;, which
provides a more stable comparison.

The indicator C'Ry; represents how many times the average queue length in the energy-saving
mode exceeds that in the normal mode. Its values range from 0.5714 to 3.3297. For most nodes
(99.7%), the values lie within the interval [0.75,2.0], indicating moderate differences.

The third set of results concerns the identification of overload periods in network nodes.
The energy-saving mode reduces the occurrence of congestion periods and results in smoother
system behavior. However, it significantly decreases the average throughput: 4.49 packets/s in
the energy-saving mode compared to 8.31 packets/s in the normal mode.

This trade-off reflects the fundamental effect of energy-saving mechanisms: buffering packets
and limiting transmission reduces bandwidth. Such a reduction may be acceptable for non-
priority traffic or traffic without strict QoS requirements, as it lowers energy consumption.
However, for QoS-sensitive traffic, the performance degradation is substantial, and parameter
tuning (e.g., threshold selection) is necessary.

The model demonstrates how the introduction of energy-saving on—off nodes affects overall
network performance. While it reduces congestion and energy consumption, it also significantly
lowers throughput. The proposed approach enables efficient analysis of large-scale network
behavior.

9.0.2 Conclusions

In the fluid-flow model, packet traffic is treated as a continuous flow rather than as discrete ran-
dom events. The queue length Q(t) evolves according to a deterministic balance equation (9.1),
capturing the average system behavior without explicitly modeling stochastic variability.

A key advantage of the fluid-flow approach is its excellent scalability. It is particularly
suitable for:

e large-scale communication networks (hundreds of thousands of nodes),
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e analysis of congestion control mechanisms (e.g., TCP),

e investigation of long-term system behavior.

However, the fluid-flow approximation has important limitations:

e it ignores traffic variability and burstiness,

e it does not capture stochastic effects such as queue fluctuations or jitter,

e it is less accurate for highly variable or correlated traffic (e.g., ON-OFF sources),
e it cannot represent short-term dynamics precisely.

For detailed performance evaluation (e.g., delay distributions, losses, jitter), more advanced
models such as diffusion approximations are required. In practice, fluid models are often com-
plemented by stochastic approaches to obtain a comprehensive description of network behavior.
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Conclusions and Perspectives

The development of queueing theory has always followed the evolution of the systems it seeks to
describe. From the early telephone networks studied by Erlang to today’s vast, heterogeneous,
and highly dynamic communication infrastructures, modelling techniques have continuously
adapted to increasing scale, complexity, and performance demands. This book has traced that
evolution—from exact stochastic models to large-scale approximations—highlighting both the
power and the limitations of existing approaches.

A central message emerging from this work is that the traditional boundaries of queueing
theory are no longer sufficient. Modern systems rarely operate in steady state; instead, they
evolve continuously under changing loads, adaptive protocols, and control mechanisms. In such
environments, transient behaviour is not a secondary phenomenon—it is the system. Conges-
tion, instability, and recovery occur over time scales that directly determine performance, user
experience, and operational efficiency.

This shift calls for a rethinking of modelling paradigms. Diffusion and fluid-flow approx-
imations, as presented in this book, offer a step in this direction. They move beyond static
descriptions and enable the analysis of time-dependent dynamics, bridging the gap between
microscopic stochastic behaviour and macroscopic system evolution. In doing so, they provide
not only analytical tools but also a conceptual framework for understanding large-scale systems
as evolving processes rather than equilibrium objects.

The implications of this perspective are far-reaching. As networks become increasingly
programmable, autonomous, and data-driven, the distinction between system behaviour and
control logic becomes blurred. Future performance models will likely need to incorporate learn-
ing mechanisms, feedback loops, and real-time adaptation as intrinsic components rather than
external factors. Queueing systems will no longer be passive objects of analysis but active
entities interacting with their environment.

At the same time, the scale of modern infrastructures challenges the very feasibility of tradi-
tional modelling techniques. Systems composed of hundreds of thousands—or even millions—of
interacting elements cannot be understood solely through detailed stochastic descriptions. This
reality suggests a growing role for multi-scale models, where fluid approximations capture global
behaviour while stochastic refinements describe local fluctuations. The integration of these lev-
els remains an open and compelling research problem.

Another emerging dimension is the increasing importance of energy efficiency and sustain-
ability. As demonstrated in this book, introducing energy-aware mechanisms fundamentally
alters system dynamics, creating new trade-offs between performance, stability, and resource
consumption. These trade-offs are not merely technical—they reflect broader constraints that
will shape the design of future networks and computing systems.

Looking ahead, several challenges stand out:

e developing unified frameworks that seamlessly combine stochastic, diffusion, and fluid
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descriptions,
¢ extending models to capture non-stationary, adaptive, and learning-driven behaviour,
o designing scalable analytical tools capable of handling extreme system sizes,

e and incorporating new performance criteria, including energy consumption and robust-
ness.

In conclusion, queueing theory continues to evolve in response to the challenges posed by
modern technological systems. While its classical foundations remain indispensable, new meth-
ods and perspectives are required to address the scale, variability, and dynamics of contemporary
applications.

Ultimately, the future of queueing theory lies not only in refining existing models but in
redefining the questions we ask. Rather than focusing solely on equilibrium metrics, we must
understand how systems evolve, adapt, and respond to changing conditions. This shift—from
static analysis to dynamic understanding—may well represent the next major transformation
of the field.

Artificial Intelligence is transforming the role and applicability of queueing models by shift-
ing them from static, assumption-driven analytical tools into adaptive, data-informed compo-
nents of modern performance engineering frameworks. Instead of relying on fixed distributions
and steady-state assumptions, Al enables queueing models to be continuously calibrated us-
ing real system observations, capturing non-stationary workloads, complex dependencies, and
environment-specific behaviors that classical formulations cannot easily represent. Through
techniques such as parameter inference, residual correction, and surrogate modelling, Al en-
hances the predictive accuracy of queue-based analyses while preserving their interpretabil-
ity and structural insight. Moreover, when integrated with reinforcement learning and con-
trol mechanisms, queueing models evolve from passive evaluation tools into active elements of
decision-making systems, guiding scheduling, routing, and resource allocation in dynamic envi-
ronments. As a result, the combined Al-queueing paradigm extends the relevance of queueing
theory to contemporary large-scale, heterogeneous, and adaptive computing systems, making it
a central component in areas such as cloud computing, network optimization, and AIOps.

It is our hope that this book contributes to that transition by providing both the classical
foundations and the modern tools needed to explore it. If it also encourages readers to challenge
established assumptions and to develop new modelling paradigms, then it will have fulfilled its
broader purpose.



Appendix A

Service time, waiting time in the queue, interarrival times between successive customers, and

the number of customers at a service station are random variables in the models described in

this handbook. Let us recall the basic concepts and definitions related to random variables.
The mathematical definition of a random variable is as follows. Let us consider a set

Q= {wl,wg,. . }

whose elements are called elementary events. In the set €, we distinguish subsets A, called
events, forming a family (more precisely, a Borel o-algebra B of subsets of ). On B there
is defined a function P(-) which is: non-negative (P(A) > 0), normalised (P(2) = 1), and
countably additive,

[e.e] oo
P(U Ak> =Y P(Ap), if AjN Ay =0 forj# k.
k=1 k=1

The triple (2, B, P) is called a probability space.
A random variable X is a real-valued function X (w) defined on the set of elementary events
Q) and measurable with respect to B, i.e. for every real x we have

{w: X(w) <z} €B.

The function
Fx(z) =P{w: X(w) < 2} = P(X < x)

is called the distribution function of the random variable X.

Less formally, we may say that the variable X takes random values, and its behaviour is
described by the distribution function Fx(z) = P(X < x), which determines the probability
that the value of X is less than any given real number z. The function Fx (z) is non-decreasing,
left-continuous, and satisfies

FX(—oo) = 0, FX(oo) =1.
Since P(X < a) = Fx(a) and P(X < b) = Fx(b), it follows that
P(a < X <b) = Fx(b) — Fx(a).

If a random variable can take only specific values 1,2, ... (a finite or countable set) with
probabilities pi,p2, ..., we speak of a discrete random variable. The distribution function of
such a variable is a step function; at the point z = x; it increases by the amount p;.
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If the variable X can take values from an uncountable set, we call it a continuous random
variable. Then there exists a non-negative function fx(x), called the density function, such
that for any values a and b,

b
Pla < X <b) :/ fx(x)dz,

i.e.

&mszn@@

and, of course,
/ fx(z)dr = 1.

The distribution function or density function contains all the information about the distribu-
tion of a random variable. This information is also carried by the moments of the distribution.
The moment of order m is

Z x"pi, for a discrete variable X,
E[X™ ={ i
/ 2™ fx(x)dx, for a continuous variable X.
—00

The first-order moment E|[X] is the mean value. The central moment of order m is
E{[X — E[X]"}.
The second central moment, i.e. the variance, is used especially often:

Z[xl — E[X))*pi, for a discrete variable X,
Var[X] = 0% = Lo
/ [z — E[X]]*fx(z)dz, for a continuous variable X.
—00

Expanding the square [X — E[X]]?, we obtain the relation
Var[X] = B[X?] — E[X]?.

The ratio of the variance to the square of the mean is called the squared coefficient of
variation:

2
2  Ox
X = BIxp

For the exponential distribution, C')Z( = 1. Since many queueing models give exact results
only for exponential distributions, and the quality of approximate models deteriorates as the
coefficients of variation of the assumed distributions deviate from unity, the value of C% is of
great importance in modelling.

Instead of listing the probabilities pg, p1, p2, . - . of a discrete distribution, we may specify its
generating function
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This allows the probabilities p; to be recovered:

dG > ,
(Z) — Zipizz_l :p17
dz |, P -
d*G(z)
= k!pg.
dzF |._, Pk

It also allows the moments of the distribution to be determined, for example

dG(z) =N
= . = EX].
| ZZ;ZP [X]

If X = X7 4+ X5, where X; and X5 are independent discrete random variables, then
GX(Z) = GXl (Z) GXQ (Z)

If a random variable is the sum of independent continuous random variables X = X1 + Xo,
then its density is the convolution of the densities of the component variables:

Fr@) = [ 1309 sl =€) dE = @)+ o).
and its mean and variance are

E[X]=E[X\|+E[Xs], o%=0%, +0%,

Distributions of discrete random variables used in the textbook

e Single-point distribution (deterministic, degenerate)
The variable takes only one value x1; p1 = 1. Hence

EX|=z, E[X? =2}  Var[X]=0.

e Bernoulli distribution (two-point)
The variable X takes two values: 0 and 1. Let us call 1 a success and 0 a failure, and

denote
P(X =0)=g¢q, P X=1)=p=1—gq.
Then
EX] = 0-q+1-p=np,
E[X? = 0*-q+1%-p=p,
Var[X] = E[X?] - B[X]* =p—p® =p(1 - p) = pa.

e Binomial distribution
Consider a sequence of Bernoulli trials. Let X,, denote the number of successes in n trials.
The probability that there are exactly k successes is
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Example
If the probability of correct packet transmission in a computer network is p, then the bi-
nomial distribution determines the probability that, during the transmission of n packets,
all are transmitted correctly, or that there are exactly ¢ transmission errors.

Geometric distribution
Consider again a sequence of Bernoulli trials. Let X; be the number of trials until the
first success (including the successful trial). Then

pi=q 'p=0-p) " 'p, i=12,..
Modified geometric distribution
The random variable is the number of trials before the first success in a sequence of
Bernoulli trials. Then

pi=q¢p=01-p)p, i=0,1,2,...

Example

The generating function of the modified geometric distribution is

o

p

k=0

Poisson distribution
pn:a—e*"‘, n=20,1,2,...
n!

Example
If events occur at intervals determined by an exponential distribution with parameter A,
then the number of events occurring during time interval ¢ has a Poisson distribution with
a = M\t.

Ezample
The generating function of the Poisson distribution is

= ¥ —a —a = (az)k —a(l—z
G(z)zzﬁe F=e ¢ (1-2),
k=0 k=0

Continuous distributions of random variables used in the textbook

Exponential distribution

density function fx(x) = pe M x>0
distribution function Fx(z)=1—e "
1
mean value E[X]=—
p
. 1
variance Var[X] = —
,u
Var[X]
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Figure 9.1: Erlang distribution of order k

e Erlang distribution of order k (k > 1)
A variable with Erlang distribution of order k£ may be interpreted as the sum of k£ inde-
pendent random variables having the same exponential distribution — Fig. 9.1.

The density function of the Erlang distribution is the k-fold convolution of the exponential
density. Assume that the parameter of the exponential distribution in each phase has the
value kpu.

k‘ﬂ(k‘,u.%)k_le_kux

density function Ix(z) = kue—k“‘f * k:,ue_k‘“’ %o % kﬂe—kuw — T
o (kux)’
distribution function Fy(x) =1 — e " Z :
i=0 G
1
mean value EX]=-
1
. 1
variance Var[X] = —
kp
Var[X 1
coefficient of variation C% = Ea[l;[q; =7 <1

where * denotes convolution.

For k = 1, the Erlang distribution reduces to the exponential distribution. As k increases,
the variance decreases, the variable becomes more concentrated around its mean value,
and the distribution approaches a single-point distribution.

e Hyperexponential distribution of order k (k > 1)
The variable is drawn from one of k exponential distributions, chosen with probabilities
a;, 1 =1,2,... k, and having parameters pu; — Fig. 9.3.
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Figure 9.2: Density of Erlang distribution of order %

Figure 9.3: Hyperexponential distribution of order k



285

(e I%: (126 [IE: f- Lo He—1T e J T
/1\ a ) - F. ; 1@_\
1—ay 1 —as 1 —ap 1
Figure 9.4: Cox distribution of order k
k k
density function Ifx(x) = Zai,uie_“ir, a; > 0, Zai =1
i=1 i=1
k
distribution function Fx(xz)=1— Z a;e” Hi®
1 k a;
mean value EX]=-= —
e
k Kk 1 2
variance Var[X] = —2 + Z Z a;a; < — >
=1 j=1 Hi H
: L 5  Var[X 9 1\?
coefficient of variation Cy = =1+upu Z Z aja; (| ——— ] 2>1
ElX] i=1 j=1 fi Mg

e Cox distribution of order k (k > 1)
A variable with Cox distribution of order k is the passage time through the network shown
in Fig. 9.4. All phases have exponential distributions with parameters 1, ..., ur. Phase
1 always occurs. Phase i + 1 follows phase ¢ (i > 1) with probability a;, while with
probability 1 — a; phase i is the last phase. We assume a; = 0.
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k
density function fx(z) = Z [(1 — ;) A e T ke
i=1
i—1
where Alzl, Ai:Haj, i:2,...,]€
j=1
k A
mean value E[X] = —
— Hi
i=1
Ly
variance Var[X] = Z =
=1 M

VarlX] S Ay
EXE (S, /)

coefficient of variation C% =

Using the Cox distribution (similarly to a linear combination of Erlang distributions), it is
possible to approximate any distribution F'x(x) of a non-negative random variable with finite
mean value; cf. [36]. Namely, for every € > 0 there exists a Cox distribution F(z) such that

/000 |Fx(x) — Fo(x)|de < e

and

/Oooac [Fx(z) — Fo(z)]dx| < e.

However, there is no general prescription for how to choose the order of the distribution and
its coefficients. In practice, a second-order Cox distribution is often used, whose parameters are
calculated on the basis of a fixed mean value 1/x and squared coefficient of variation C%:

(1-0)

1 = 20u, po =2(1—0O)u, a=1-06— 5

1 C2 -1
O=-1|1 X )
2( +\/C§(+1>

where




Appendix B

The Laplace transform is one of the integral transforms of the form

fs) = [ K. 1) da

f(x) is the function being transformed (we restrict ourselves here to the one-variable case),
K(s,z) is called the kernel of the transform, f(s) is the transform of the originaal function

f(@).

In the case of the Laplace transform,

0, for x < 0,
K(sz) = e %, forxz >0,

and therefore

F(s) = £f(x)] = /0 " fe)e de.

Examples of computing the Laplace transform (L-transform):

e exponential function f(z) = Ae™*

A
A+s

)

B [e9) 0 A o0
f(s) = / e Me STy = )\/ e AT g = 2 om(s)el T
0 0 Ats 0
e Dirac delta distribution f(z) = §(z)
fo) = [ dwesdo =1
0
e Heaviside unit-step function f(z) = 1(x)
oo (0.9} 00 1
f(s) = / 1(zx)e **dx = / e dr =——e"| 7 =-
0 0 §

Some properties of the Laplace transform:
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Llaf(z) + bg(x)] = af(s) +bg(s),
d" f(z) i) S gnh (@)
5[ - ] = 5" f(s) kZ:O |
¢ e 2 (s
el [ [ s@ar| = L2
clr(E)]™ = afl@s), >0,
L[1(z — z0) f(z — x0)] = e %05 f(s), xg > 0,
Lla" f(x)] = (-)refe,
L[f(x) * g(x)] = f(s)3(s),
c[fgﬁi’} - Oi ds /Oi dSQ'-./oi dsp F(sn),
E[ag(f)} = a‘(};as) , a is a parameter.
Foy= [ s,
0

lim sf(s) = lim f(x),

S—00 z—0

provided that sf(s) is analytic for R(s) > 0,

lim sf(s) = lim f(z),

s—0 T—00

provided that sf(s) is analytic for R(s) > 0.

If f(z) is a probability density function, f(z) = fx(z), (note that in this case [;* f(z)dx =
1, and therefore

fx(0) = /000 fX(:v)e_Ogg dr =1,

) then the Laplace transform of the density function can be used to calculate the moments of
the distribution:

D= [ n@ema] = [T @ e as
= —/Oool’fx(l‘)dl‘:—E[X]a
dnf_‘X(s) _ &0 n_n_—sx _ n n
| — /0 fx(z)(=1)"z"e % dx o (-1)"E[X"]
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Examples:

e Example: fx(z) = pue H*

F _ I
fX(S) - M+5’
] H 7} 1
§) = ————— = EX]|=—-fx(0)=—,
i) = ot X] = ~Fk(0) =
_ Q'u — 2
4 = — =  E[X? = f%0)==5.
X(S) (/L+3)3 [ ] fX( ) 'ug
e Erlang distribution of order k,
k—1_—kux
_(o—nm\kE ku(kpz):~ e
Fr(a) = (o) A
— 'LL k
A (M+5) ’
_ /{,uk — k
| = —— = E[X] = —f%(0) = —,
fX(S) (M+5)k+1 [ ] fX( ) L
_ E(k + 1)u* k(k+1)
N(s) = W == E[XQ] = fx(0) = 2z
e Hyperexponential distribution,
k
fx(@) =) aype*
i=1
fxls) = ;aiHiJrs’
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In many cases, the determination of the original f(z) from a known transform f(s) must
be performed numerically. We have already encountered this in Section 77, in the example of
finding the original function of the diffusion-process transform representing queue length in a
transient state.

For a fixed x, we may calculate f(z) as

N
fla) =225 w g (M),
i=1
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where the coefficients V; are given by

min(s,N/2)

B . EN/2(2F)!
V; = (~1)N/?* k%;lj (N2 — Bk (k= D)1 (i — k) (2k — i)l

Here | x| denotes the greatest integer less than or equal to x, and N is an even number.

Theoretically, the larger N is, the greater the accuracy of the calculation. In practice,
however, due to numerical errors, it is necessary to restrict oneself to N = 18 when using
double-precision arithmetic, and to N = 10 when using single precision. It is best to determine
N empirically, by numerically inverting the transform of a known function and comparing the
algorithm’s output with the exact result.

The theoretical aspects of this method are described in [34], and its numerical aspects in
[113]. .



Bibliography

1]

Fluid flow analysis of red algorithm with modified weighted moving average. In
Modern Probabilistic Methods for Analysis of Telecommunication Networks. BWWQT
2013, vol. 356 of Communications in Computer and Information Science. Springer,
Berlin/Heidelberg, Germany, 2013, pp. 50-58.

ABATE, J., AND WHITT, W. The fourier-series method for inverting transforms of
probability distributions. Queueing Systems 10 (1992), 5-88.

ABDELJAOUAD, 1., RACHIDI, H., FERNANDES, S., AND KARMOUCH, A. Performance
analysis of modern tcp variants: A comparison of cubic, compound and new reno. In
Proceedings of the 2010 25th Biennial Symposium on Communications (Kingston, ON,
Canada, 2010), pp. 80-83.

Avam, M. J., AND CHOWDHURY, T. Performance evaluation of tcp vegas over tcp reno

and tcp new reno over tcp reno. International Journal of Informatics and Visualization
3 (2019), 275-282.

ATtMmAacA, T., CZACHORSKI, T., JOUABER, B., AND PASTUSZKA, M. Modele interfejsu
sieciowego oraz mechanizmu przesuwnego okna — wykorzystanie aproksymacji dyfuzyjnej,
booktitle = Seminarium Sieci Komputerowe, address = Gliwice, Silesian University of
Technology, year = March 1998.

BaskeTT, F., CHANDY, M., MUNTZ, R., AND PALAcCIOS, J. Open, closed and mixed
networks of queues with different classes of customers. J. ACM 22, 2 (1975).

BLonDIA, C., AND CAsALS, O. Statistical multiplexing of VBR sources: A matrix-
analytic approach. Performance Evaluation 16, 1-3 (1992), 5-20.

BRADEN, B., CLARK, D., CROWCROFT, J., DAVIE, B., DEERING, S., ESTRIN, D.,
FroyD, S., JACOBSON, V., MINSHALL, G., PARTRIDGE, C., PETERSON, L., RAMAKR-
ISHNAN, K. K., SHENKER, S., WROCLAWSKI, J., AND ZHANG, L.. Recommendations on
queue management and congestion avoidance in the internet. RFC 2309, IETF, 1998.

BRUELL, S. C., AND BALBO, G. Computational algorithms for closed queueing networks.
North Holland, New York, 1980.

BURKE, P. The output of a queueing system. Operations Research 4, 6 (1956), 699-704.

Buzen, J. P. Computational algorithms for closed queueing networks with exponential
servers. Comm. ACM 16,9 (1973).

291



292

[12]

[13]

BIBLIOGRAPHY

CHAMPERNOWNE, D. C. An elementary method of solution of the queueing problem
with a single server and constant parameters. J. R. Statist. Soc. B18, pp. 125-128, 1956.

CHANDY, K. M., HOWARD, J. H., AND TOWSLEY, D. F. Product form and local balance
in queuing networks. Journal of the ACM 24, 2 (1977), 250-263.

CHANDY, K. M., AND NEUSE, D. Linearizer: A heuristic algorithm for queueing network
models of computing systems. Comm. ACM 25, 2 (1982).

CHANG, C.-J., AND WANG, S.-Y. Performance analysisi of a statistical multiplexer for
integrated service in the customer-premise equipment. Computer Networks and ISDN
Systems 25 (1992), 191-201.

CHENG, A. H.-D., AND SIDAURUK, P. Approximate inversion of the laplace transform.
The Mathematical Journal 4 (1994). issue 2, pp. 76-81.

CoHEN, J. W. The single server queue. North Holland, Amsterdam, 1969.

Cox, R. P., AND MILLER, H. D. The theory of stochastic processes. Chapman and
Hall, London, 1965.

CzacHORSKI, T. Przyblizone rozwiazania dokladnych modeli i dokladne rozwiazania
modeli przyblizonych w ocenie efektywnosci zlozonych ukladow komputerowych: model
oparty o symulacje. Podstawy Sterowania, tom 9, z. 2, s. 125-138, 1979.

CzACHORSKI, T. Zadanie konserwatora — opis przy pomocy aproksymacji dyfuzyjne;j.
Podstawy Sterowania, t. 14, z. 4, pp. 301-328, 1984.

CzACHORSKI, T. Aproksymacja dyfuzyjna rozkladu czasu czekania w stanowisku m/g/1.
Podstawy Sterowania, t. 15, z. 1-2, pp. 65-90, 1985.

CzACHORSKI, T. Proces powrotow elementarnych w doskonaleniu aproksymacji dy-
fuzyjnej jako metody modelowania pracy systemow komputerowych. Zeszyty Naukowe
Politechniki slaskiej, z. 9, Gliwice 1987 (praca habilitacyjna), 1987.

CzACHORSKI, T. A method to solve diffusion equation with instantaneous return pro-
cesses acting as boundary conditions, howpublished = bulletin of polish academy of
sciences, technical sciences 41 (1993), no. 4, 1993.

CzACHORSKI, T., FOURNEAU, J. M., AND PEKERGIN, F. Diffusion Models to Study
Nonstationary Traffic and Cell Loss in ATM Networks, booktitle = ACM 2nd Workshop
on ATM Networks.

CzACHORSKI, T., AND PEKERGIN, F. Transient diffusion analysis of cell loses and ATM
multiplexer behaviour under correlated traffic. In 5th IFIP Workshop on Performance
Modelling and Evaluation of ATM Networks (Ilkley, UK, 21-23, 1997).

CzACHORSKI, T., AND PEKERGIN, F. Dyfuzyjny model przelacznika sieciowego uwz-
gledniajacy zmienny w czasie i skorelowany strumien pakietow. In Seminarium Sieci
Komputerowe (Gliwice, 18 — 19 marca 1998 r, 1998).



BIBLIOGRAPHY 293

[27]

DENNING, P. J., AND KaAHN, K. C. Some distribution free properties of throughput and
response time. Tech. Rep. Computer Science Department, Report CSD-TR-159, Purdue
University, 1975.

Dubpa, A. Diffusion approximations for time-dependent queueing systems. IEEE J. on
Selected Areas in Communications, Vol. SAC-4, no. 6, 1986.

EwwaLip, A. 1., AND MITRA, D. Stochastic Fluid Models in the Analysis of Access
Regulation in High Speed Networks. pp. 1626-1633, GLOBECOM, 1991.

ET AL., E. D. L. Quantitative System Performance, Computer System Analysis Using
Queueing Network Models. Prentice Hall, Englewood Cliffs, New Jersey, 1984.

FivuipiAK, J. Dynamiczna teoria przeplywow sieciach. Zeszyty Naukowe Akademii Gor-
niczo-Hutniczej, nr. 898, 1983.

FiuipiAk, J., AND PacH, A. R. Selection of coefficients for a diffusion-equation model
of multi-server queue, performance 84. In Proc. of The 10-th International Symposium
on Computer Performance (North Holland, Amsterdam, 1984).

FLoyD, S., AND JACOBSON, V. Random early detection gateways for congestion avoid-
ance. IEEE/ACM Transactions on Networking 1 (1993), 397-413.

GAVER, D. P. Observing stochastic processes. and approximate transform inversion
(1966). Operations Research, vol. 14. no. 3, pp. 444-459.

GAVER, D. P. Diffusion approximations and models for certain congestion problems.
Journal of Applied Probability 5 (1968), 607—623.

GELENBE, E. On approximate computer systems models. J. ACM 22, 2 (1975).

GELENBE, E. A non-markovian diffusion model and its application to the approximation
of queueing system behaviour. Tech. rep., IRIA Rapport de Recherche no. 158, 1976.

GELENBE, E. Probabilistic models of computer systems. part ii. Acta Informatica, vol.
12, pp. 285-303, 1979.

GELENBE, E., MANG, X., AND FENG, Y. A diffusion cell loss estimate for atm with
multiclass bursty traffic. in: D. D. Kouvatsos (Editor), Performance Modelling and Eval-
uation of ATM Networks, Vol. 2, Chapman and Hall, London, 1996.

GELENBE, E., AND PUJOLLE, G. The behaviour of a single queue in a general queueing
network. Acta Informatica, Vol. 7, Fasc. 2, pp.123-136, 1976.

GORDON, W. J., AND NEWELL, G. F. Closed queueing systems with exponential servers.
Operations Research 15, 2 (1967), 252-267.

HARRISON, P. G., AND PATEL, N. M. Performance modelling of communication net-
works and computer architectures. Addison-Wesley, Workingham, England, 1992.

HEBUTERNE, G., AND GRAVEY, A. A space priority queueing mechanism for multiplexing
atm channels, race 1022 meeting, 24 janvier 1989. In extended version in ITC Specialist
Seminar (Adelaide, 1989).



294

[44]

BIBLIOGRAPHY

HEFrEs, H., AND LucanTONI, D. M. A markov modulated characterization of packe-
tized voice and data traffic and related statistical multiplexer parformance. IEEE J. SAC,
SAC-4(6), pp. 856-867, 1986.

HEerzoG, U., Woo0, L., AND CHANDY, K. M. Solution of queuing problems by a recursive
technique. IBM Journal of Research and Development 19, 3 (1975), 295-300.

HEYMAN, D. P. An approximation for the busy period of the m/g/1 queue using a
diffusion model. J. of Applied Probility, vol. 11, pp. 159-169, 1974.

HorLot, C. V., MisrA, V., TOwSLEY, D., AND GONG, W.-B. Analysis and design
of controllers for aqm routers supporting tcp flows. In Proceedings of IEEE INFOCOM
2001 (Anchorage, AK, USA, Apr. 2001), vol. 3, IEEE, pp. 1726-1734.

HOLTSINGER, D. S. Performance Analysis of Leaky Bucket Policing Mechanisms. PhD
thesis, 1992.

Hsien, C. T., AND LaM, S. S. Pam — a noniterative approximate solution method for
closed multichain queueing networks. In Proc. of ACM SIGMETRICS Conf. on Mea-
surement and Modeling of Computer Systems (May 24-27 1988, Santa Fe, New Mexico;
Performance Evaluation Revue, Special Issue, vol. 16, no. 1, pp. 261-269, 1988).

IGLEHART, D. Weak convergence in queueing theory. Advances in Applied Probability,
vol. 5, pp. 570-594, 1973.

IGLEHART, D., AND WHITT, W. Multiple channel queues in heavy traffic. Part I-1II,
Advances in Applied Probability, vol. 2, pp. 150-177, 355-369, 1970.

JACKSON, J. R. Jobshop-like queueing systems. Management Science, vol. 10, pp. 131-
142, 1963.

JAIN, R. The Art of Computer Systems Performance Analysis: Techniques for Erper-
imental Design, Measurement, Simulation and Modeling. Wiley, New York, NY, USA,
1991.

JoNEs, S. K., CaviN, R. K., AND JOHNSTON, D. A. An efficient computational pro-
cedure for the evaluation of the m/m/1 transient state occupancy probabilities. IEEE

Trans. on Comm. COM-28, 12 (1980), 2019-2020.

JOUABER, B., ATMACA, T., PASTUSZKA, M., AND CzACHORSKI, T. Modelling the
sliding window mechanism. ICC’98, Atlanta, Georgia, USA, czerwiec, 1998.

KANAGARATHINAM, M. R., SINGH, S., SANDEEP, [., KiM, H., MAHESHWARI, M. K.,
HwanNg, J., Roy, A., AND SAXENA, N. Nexgen d-tcp: Next generation dynamic tcp
congestion control algorithm. IEEE Access 8 (2020), 164482-164496.

KENDALL, D. G. Some problems in the theory of queues. J. of the Royal Statistical
Society, Ser. B, vol. 13, pp. 151-185, 1951.

KinamaN, J. F. C. Some inequalities for the queue gi/g/1. Biometrika, Vol. 49, pp. 315-
324, 1962.



BIBLIOGRAPHY 295

[59]

[60]

[61]
[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

KingMmAN, J. F. C. A martingale inequality in the theory of queues. In Proc. Camb.
Phil. Soc. (Vol. 59, pp. 359-361, 1964).

KingMAN, J. F. C. Inequalities in the theory of queues. J. R. Statist. Soc. Vol. B32,
pp. 102-110, 1970.

KLEINROCK, L. Queueing Systems, vol. I: Theory. Wiley, New York, 1976.

KLouL, L. Méthodes d’évaluation des performances pour les réseaux ATM. These de
doctorat de 1” Université Versailles-Saint-Quentin, Versailles, 1996.

KnuTH, D. E. The art of computer programming. vol. 1, Fundamental Algorithms,
Addison-Wesley, Reading, Mass., 1973.

KoBAvasHI, H. Application of the diffusion approximation to queueing networks, part 1:
Equilibrium queue distributions. JJACM 21, 2 (1974), 316-328. Part 2: Nonequilibrium
distributions and applications to queueing modeling, J.ACM, vol. 21, no. 3, pp. 459-469.

KoBavasHi, H., AND REN, Q. A Diffusion Approximation Analysis of an ATM Statistical
Multiplexer with Multiple Types of Traffic. part i: Equilibrium State Solutions, booktitle
= proc. of ieee international conf. on communications.

Kotian, T. C. T. Approximate transient analysis of some queueing systems. Operations
Research 26, 2 (1978), 334-346.

KRAMER, W., AND BELz, M. L. Approximate formulae for the delay in the queuing
system gi/g/1. Preprints of ITC 8, pp. 235-1, 235-8, Melbourne, 1976.

KRONER, H., HEBUTERNE, G., BOYER, P., AND GRAVEY, A. Priority management in
ATM switching nodes. IEEE J. Selected Areas Comm, vol. 9, no. 3, pp. 418-427, 1991.

KULKARNI, L. A. Transient behaviour of queueing systems with correlated traffic. Per-
formance Evaluation 27-28 (1996), 117-146.

LaMm, S. S., AND LIEN, Y. L. Tree convolution algorithm. Tech. Rep. Dept. of Comp.
Sci., Research Report TR165, University of Texas, Austin, 1981.

LAVENBERG, S. S., AND REISER, M. Stationary state probabilities at arrival instants
for closed queueing networks with multiple types of customers. J. Appl. Probab., vol. 17,
no. 4, 1980.

Lee, D.-S., AND L1, S.-Q. Transient analysis of multi-sever queues withMarkov-
modulated Poisson arrivals and overload control. Performance Evaluation 16 (1992),
49-66.

L1, S., AND MARK, J. Traffic characterization for integrated services network. IFEFE
Trans. on Communications 38, 8 pp. 1231-1243 (1990).

LiNnDLEY, D. V. The theory of queues with single server. In Proc. of Cambridge Phil.
Soc. (Vol. 48, pp. 277289, 1952).

LitTtLe, J. D. C. A proof for the queueing formula [ = Aw. Operations Res., vol. 9,
pp. 383-387, 1961.



296

[76]

[79]

[80]

[81]

[84]

[85]

[86]

(3]

[89]

BIBLIOGRAPHY

Liu, Y., Lo PrEsTI, F., Misra, V., ToOwSLEY, D., AND GU, Y. Fluid models and
solutions for large-scale ip networks. In Proceedings of the 2008 ACM SIGMETRICS In-
ternational Conference on Measurement and Modeling of Computer Systems (San Diego,
CA, USA, 2003), SIGMETRICS ’03, Association for Computing Machinery, pp. 91-101.

MAGLARIS, B., ANAsTASSIOU, D., SEN, P., KARLSSON, G., AND RUBINS, J. Perfor-

mance models of statistical multiplexing in packet video communications. IEEE Trans.
on Communications 24559 36, 7 pp. 834-844 (1988).

MARSHALL, K. T. Bounds for some generalizations for the gi/g/1 queue. Operations
Research 16 (1968), 841-848.

MARSHALL, K. T. Some inequalities in queuing. Operations Research 16 (1986), 651-665.

MERLE, D. Contribution a I’étude d’un analyseur de modeles a réseaux de files d’attente.
algorithme de calcules et applications, These de docteur ingénieur, Institut National Poly-
technique de Lorraine, 1978.

MEYER, J. F., MONTAGNA, S., AND PAGLINO, R. Dimentioning of an ATM switch with
shared buffer and threshold priority. Computer Networks and ISDN Systems 26 (1993),
95-108.

MisraA, V., GoNG, W.-B., AND TOWSLEY, D. Fluid-based analysis of a network of aqm
routers supporting tcp flows with an application to red. In Proceedings of the Conference
on Applications, Technologies, Architectures, and Protocols for Computer Communica-
tion (Stockholm, Sweden, 2000), SIGCOMM ’00, Association for Computing Machinery,
pp. 151-160.

MoHAMED, K., HUSSEIN, S., ABDI, A., AND SEDDIQ, A. E. Studying the tcp flow and
congestion control mechanisms impact on internet environment. International Journal of
Computer Science and Information Security 16 (2018), 174-179.

MoraN, P. A. P. A probability theory of dams and storage systems. Australian Journal
of Applied Science (1954), 116-124.

MunTz, R. R., AND WONG, J. W. Asymptotic properties of closed queueing network
models. In Proc. of 8-th Princeton Conference on Information Sciences and Systems

(1974).

Nagal, K., AKiMARU, H., AND OKuUDA, T. A simplified performance evaluation for
bursty multiclass traffic in atm systems. IEEE Transactions on Communications (1994).

COM-42 No. 5, pp. 2078-2083.

NEwWELL, G. F. Queues with time-dependent rates. Part I: The transition through

saturation; Part II: The maximum queue and return to equilibrium;, Part III: A mild
rush hour, J. Appl. Prob. vol. 5, pp. 436-451, 579-590, 591-606. 1968.

NEWELL, G. F. Applications of queueing theory. Chapman and Hall, London, 1971.

NOETZEL, A. S. A generalized queueing discipline for product form network solutions.
J. ACM 26, 4 (1979), 779-793.



BIBLIOGRAPHY 297

[90]

[91]

[92]

93]

[94]

[100]

[101]

[102]

[103]

[104]

[105]

Nycz, M., aND CzACHORSKI, T. Modelowanie dynamiki natezenia przesyéw tep/ip.
In Zastosowania Internetu, P. Pikiewicz, Ed. Wydawnictwo WSB, Dabrowa Gornicza,
Poland, 2012.

Nvycz, T., Nycz, M., AND CzZACHORSKI, T. A numerical comparison of diffusion and
fluid-flow approximations used in modelling transient states of tcp/ip networks. In Com-
munications in Computer and Information Science, vol. 431. Springer, Berlin, Germany,
2014, pp. 213-222.

ORS, T., AND JONES, S. P. W. Performance Optimization of ATM Input Control using
Multiple Leaky-Buckets. In ACM 3rd Workshop on ATM Networks (Ilkley, 1995).

PAGE, E. Queuing theory in or. Butterworths, London, 1972.

PoLLaczEk, F. Uber eine aufgabe der wahrscheinlichkeitstheorie i. Mathematische
Zeitschrift, Vol. 32, pp. 64-100; ibid. II. pp. 729-750, 1930.

PoLraczek, F. Théorie analytique de probléemes stochastiques relatifs a un groupe de
lignes téléphoniques avec dispositif d‘attente. Gauthiers—Villars, Paris, 1961.

PraBHU, N. U. Queues and Inventories. Wiley, New York, 1965.

PusoLLE, G., AND FDIDA, S. Modeles de systemes et de réseaux. vol. I-1I, Eyrolles,
Paris, 1989.

REISER, M. Mean value analysis and convolution method for queue-dependent servers in
closed queueing networks. Performance Evaluation 1,1 (1981), 7-18.

REISER, M., AND KoBAvYAsHI, H. Accuracy of the diffusion approximation for some
queueing systems. IBM J. of Res. Develop., vol. 18, pp. 110-124, 1974.

REISER, M., AND KoBAYAsHI, H. Queueing network models with multiple closed chains:
Theory and computational algorithms. IBM J. Res. Develop., vol. 19, 1975.

REISER, M., AND LAVENBERG, S. S. Mean value analysis of closed multichain queueing
networks. J. ACM 27, 2 (1980).

REISER, M., AND SAUER, C. H. Queueing Network Models: Methods of Solution and
their Program Implementation, w: K.M.Chandy, R.T.Yeh (edts.), Current Trends in Pro-
gramming Methodology, vol. 3. Prentice Hall, 1978.

RIDER, K. L. A simple approximation to the average queue size in the time-dependent
m/m/1 queue. J. ACM 23, 2 (1976), 361-367.

ROBERTS, J., Moccr, U., AND [EDs.], J. V. Broadband network teletraffic. Tech. Rep.
Springer, Final Report of Action COST 242, Berlin, 1996.

Rose, O. Statistical properties of mpeg video traffic and their impact on traf-
fic modeling in atm systems. Tech. Rep. University of Writzburg, Research report
no.101, Institute of Computer Science, 1995 oraz dane pomiarowe dostepne pod adresem
http:/www-info3.informatik.uni-wuerzburg.de/ “rose, 1995.



298

[106]

107]

[108]

109

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

BIBLIOGRAPHY

Ross, S. M. Bounds on the delay distribution in gi/g/1 queues. Journal of Applied
Probability 11 (1974), 417-421.

SAEDI, T., AND EL-OcrA, H. Tcp cerl4: Revisiting tcp congestion control in wireless
networks with random loss. Wireless Networks 27 (2021), 423-440.

SAKUMOTO, Y., OHSAKI, H., AND IMASE, M. Design and implementation of flow-level
simulator fsim for performance evaluation of large scale networks. International Journal
of Computer Science and Telecommunications 4 (2013), 1-10.

SCHWEITZER, P. Approximate analysis of multiclass closed networks of queues. In Proc.
Int. Conf. Stoch. Contr. and Optim. (Amsterdam, 1979).

SEvCIK, K. C.; AND MITRANI, I. The distribution of queueing network states at input
and output instants. w: M.Arato et al. (edts.) (1979). Performance of Computer Systems,
North Holland.

SHERR, A. L. An analysis of time-shared computer system. Master’s thesis, 1967.

SRIRAM, K., AND WHITT, W. Characterizing superposition arrival processes in packet
multiplexers for voice and data. IEEE J. SAC, SAC-4(6), pp. 833-846, 1986.

STEHFEST, H. Algorithm 368: Numeric inversion of laplace transform. Comm. of ACM
13,1 (1970), 47-49.

TAkAcs, L. Introduction to the Theory of Queues. Oxford University Press, New York,
1962.

T.CzACHORSKI, AND F.PEKERGIN. Diffusion approximation of a closed network. Tech.
Rep. Paris (w przygotowaniu), rapport de recherche EHEI, 1993.

TOROK, T. L. Some approximations for gi/g/1 queues. KFKI Budapeszt, 1977, nieop-
ublikowane, 1977.

UNKNOWN. Ccitt: Recommandation i.370. Congestion management for the ISDN Frame
Ralying Bearer Service, CCITTcom XVIII; Q.922, CCITTcom XI, 7777

UNKNOWN. Ccitt: Recommandation ¢.922. ISDN Data link layer specification for frame
mode bearer services, Geneva, 1991.

VEILLON, F. Algorithm 486: Numerical Inversion of Laplace Transform. Comm. of ACM
17, 10 (1972), 587-589. 1974; takze: F. Veillon, Quelques méthodes nouvelles pour le
calcul numérique de la transformé inverse de Laplace, Th. Univ. de Grenoble.

ZAHORIAN, J. The Approzimate Solution of Large Queueing Network Models. PhD thesis,
1980.

ZAHORIAN, J., SEvCIK, K. C., EAGER, D. L., AND GALLER, B. I. Balanced job bound
analysis of queueing networks. CACM 2 (1982), 134-141. 1982.



